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Abstract. The moment-angle complex Z}^, is cell complex with a torus ac- 
tion constructed from a finite simplicial complex /C. When this construction 
is applied to a triangulated sphere K or, in particular, to the boundary of 
a simplicial polytope, the result is a manifold. Moment-angle manifolds and 
complexes are central objects in toric topology, and currently are gaining much 
interest in homotopy theory, complex and symplectic geometry. 

The geometric aspects of the theory of moment-angle complexes are the 
main theme of this survey. We review constructions of non-Kahler complex- 
analytic structures on moment-angle manifolds corresponding to polytopes 
and complete simplicial fans, and describe invariants of these structures, such 
as the Hodge numbers and Dolbeault cohomology rings. Symplectic and La- 
grangian aspects of the theory are also of considerable interest. Moment-angle 
manifolds appear as level sets for quadratic Hamiltonians of torus actions, 
and can be used to construct new families of Hamiltonian-minimal Lagrangian 
submanifolds in a complex space, complex projective space or toric varieties. 
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1. Introduction 

Moment-angle complex Za: is a cell complex with a torus action patched from 
products of discs and circles 5"^ which are parametrised by faces of a simpli- 
cial complex /C. By replacing the pair {D^ , S^) by an arbitrary cellular pair {X, A) 
we obtain the polyhedral product {X,A)'^. Moment-angle complexes and polyhe- 
dral products are key players in the emerging field of toric topology^ which lies on 
the borders between topology, algebraic and symplectic geometry, and combina- 
torics ^15j . 

Both homotopical and geometric aspects of the theory of moment-angle 
complexes and polyhedral products have been actively studied recently. On the 
homotopy-theoretical side of the story, the stable and unstable decomposition tech- 
niques developed in [141 Ch. 6], |31) . [4]. |35) have led to an improved understanding 
of the topology of moment-angle complexes and related toric spaces. 

In this survey we concentrate on the geometric aspects of the theory. The 
construction of moment-angle complexes has many interesting geometric interpre- 
tations. For example, the moment-angle complex Zjc is homotopy equivalent to 
the complement U{JC) of the arrangement of coordinate subspaces in C™ defined 
by /C. The space U{IC) plays an important role in geometry of toric varieties and 
the theory of configuration spaces. 

The moment-angle complex Z/c corresponding to a triangulated sphere /C is 
a topological manifold. Moment-angle manifolds corresponding to simplicial poly- 
topes or, more generally, complete simplicial fans, are smooth. In the polytopal 
case a smooth structure arises from the realisation of Zjc by a nondegenerate inter- 
section of Hermitian quadrics in C™, similar to a level set of the moment map in 
the construction of symplectic quotients. The relationship between polytopes and 
systems of quadrics is described by the convex-geometric notion of Gale duality. 

Another way to give Z/c a smooth structure is to realise it as the quotient 
of the coordinate subspace arrangement complement U{IC) by an action of the 
multiplicative group M™^". This is similar to the well-known quotient construction 
of toric varieties in algebraic geometry. The quotient of a non-compact manifold 
U{IC) by the action of a non-compact group M™"" is Hausdorff precisely when K, 
is the underlying complex of a simplicial fan. 

li m — n ~ 2£, then the action of the real group M™^" on U (/C) can be turned 
into a holomorphic action of a complex (but not algebraic) group isomorphic to C^. 
In this way the moment-angle manifold Zjc = U{K,)/C^ acquires a complex-analytic 
structure. The resulting family of non-Kahler complex manifolds generalises the 
well-known series of Hopf and Calabi-Eckmann manifolds (see flO] and [54]). 

Finally, the intersections of Hermitian quadrics defining polytopal moment- 
angle manifolds were also used in |!46j to construct Lagrangian submanifolds in C™ 
with special minimality properties. 



Different spaces with torus actions, or toric spaces, will feature throughout 
the paper. The most basic example of a toric space is the complex m-dimensional 
space C™, on which the standard torus 

T"-{i = (ii,...,t,„)eC'": |t,| = l fori=l,...,m} 
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acts coordinatewise. That is, the action is given by 

T" X C" — > C", 

1 , . . . , ^772) ■ (zi , . . . , Z777) — (ti Zi , . . . , tm^m)- 

The quotient C'^/T™ of this action is the positive orthant 

- { (yi, . . . , Vrn) e K" 12/7^0 for I = 1, . . . , m} 
with the quotient projection given by 

(2:1, . . . , 0,77) I > (l^lP, • ■ ■ , l^mP). 

We use the blackboard bold capitals in the notation I'" , T'" . B'" of the standard 
unit cube in M™, the standard (unit) torus, and the unit polydisc in C™ respectively. 
We use italic T™ to denote an abstract m-torus, i.e. a compact abelian Lie group 
isomorphic to a product of m circles. The underlying space of the unit disc U is a 
topological 2-disc, which we denote by . We shall also denote the standard unit 
circle by S or T occasionally, to distinguish it from an abstract circle . 



2. Preliminaries: polytopes and Gale duality 

Let be a Euclidean space with scalar product ( , ) . A convex polyhedron P is 
an intersection of finitely many halfspaces in R" . Bounded polyhedra are called poly- 
topes. Alternatively, a polytope can be defined as the convex hull conv(?;i, . . . , Vq) 
of a finite set of points Vi, . . . , G M". 

A supporting hyperplane of P is a hyperplane H which has common points with 
P and for which the polyhedron is contained in one of the two closed half-spaces 
determined by H. The intersection PCiH with a supporting hyperplane is called a 
face of the polyhedron. Denote by dP and int P = P \ dP the topological boundary 
and interior of P respectively. In the case dim P — n the boundary dP is the union 
of all faces of P. Zero-dimensional faces are called vertices, one-dimensional faces 
are edges, and faces of codimension one are facets. 

Two polytopes are combinatorially equivalent if there is a bijection between 
their faces preserving the inclusion relation. A combinatorial polytope is a class of 
combinatorially equivalent polytopes. Two polytopes are combinatorially equivalent 
if there is a homeomorphism between them preserving the face structure. 

The faces of a given polytope P form a partially ordered set (a poset) with re- 
spect to inclusion. It is called the face poset of P. Two polytopes are combinatorially 
equivalent if and only if their face posets are isomorphic. 

Consider a system of m linear inequalities defining a convex polyhedron in R": 

(2.1) P ^ {x <eW: {a,,x) for i = 1, . . . , m} , 

where a,; e R" and 6,; e M. We refer to (|2.ip as a presentation of the polyhedron P 
by inequalities. These inequalities contain more information than the polyhedron P, 
for the following reason. It may happen that some of the inequalities (a^, a;) -f bi ^ 
can be removed from the presentation without changing P; we refer to such 
inequalities as redundant. A presentation without redundant inequalities is called 
irredundant. An irredundant presentation of a given polyhedron is unique up to 
multiplication of the pairs (aj, bi) by positive numbers. 
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We shall assume (unless stated otherwise) that the polyhedron P defined 
by p.ip has a vertex, which is equivalent to that the vectors ai, . . . , am span 
the whole M". This condition is automatically satisfied for polytopes. 

A presentation (|2.ip is said to be generic if P is nonempty and the hyperplanes 
defined by the equations (a^, x) + bi — are in general position at any point of P 
(that is, for any x Cz P the normal vectors of the hyperplanes containing x 
are linearly independent). If presentation (|2.1[) is generic, then P is n-dimensional. 
If P is a polytope, then the existence of a generic presentation implies that P is 
simple, that is, exactly n facets meet at each vertex of P. A generic presentation 
may contain redundant inequalities, but, for any such inequality, the intersection of 
the corresponding hyperplane with P is empty (i.e., the inequality is strict at any 
a; e P). We set 

F,^{xeP: {a„x)+b, = 0}. 

If presentation (|2.ip is generic, then each Fi is either a facet of P or is empty. 
The polar set of a polyhedron P C K." is defined as 

(2.2) P* = {n e K": (n, a; > + 1 ^ for all x e P}. 

The set P* is a convex polyhedron. (In fact, it is naturally a subset in the dual 
space (M")*, but we shall not make this distinction, assuming R" to be Euclidean.) 
The following properties are well known in convex geometry: 

Theorem 2.1 (see tUi §2.9] or [Ml Theorem 2.11]). 

(a) P* is bounded if and only if € int P; 

(b) P C (P*)*, and (P*)* = P if and only if £ P; 

(c) if a polytope Q is given as a convex hull, Q = conv(ai, . . . , Om), then Q* 
is given by inequalities (|2.1|1 with bi = I for 1 ^ ? ^ m; in particular, Q* 
is a convex polyhedron, but not necessarily bounded; 

(d) if a polytope P is given by inequalities (|2.ip with bi = 1, then P* = 
conv(ai, . . . , a,„); furthermore, (o^, x) + 1 ^ is a redundant inequality 
if and only if Oi Cz conv(aj '■ j ^ i)- 

Remark. A polyhedron P admits a presentation p.ip with bi = 1 if and only 
if e int P. In general, (P*)* = conv(P,0). 

Any combinatorial polytope P has a presentation p.l|) with bi — I (take the 
origin to the interior of P by a parallel transform, an then divide each of the 
inequalities in (|2.ip by the corresponding bi). Then P* is also a polytope with 
e P*, and (P*)* = P. We refer to the combinatorial polytope P* as the dual of 
the combinatorial polytope P. (We shall not introduce a new notation for the dual 
polytope, keeping in mind that polarity is a convex-geometric notion, while duality 
of polytopes is combinatorial.) 

Theorem 2.2 (see [11, §2.10]). If P and P* are dual polytopes, then the face 
poset of P* is obtained from the face poset of P by reversing the inclusion relation. 

If P is a simple polytope, then it follows from the theorem above that each face 
of P* is a simplex. Such a polytope is called simplicial. 

The following construction realises any polytope \2.1\ of dimension n by the 
intersection of the orthant R™ with an affine n-plane. It will be used in the next 
section to define intersections of quadrics and moment-angle manifolds. 
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Construction 2.3. Form the n x m-matrix A whose columns are the vectors 
ai written in the standard basis of R" . Note that A is of rank n if and only if the 
polyhedron P has a vertex. Also, let b = (61, . . . , e R™ be the colmnn vector 
of biS. Then we can write (|2.ip as 

P = P{A, b)^ {xe M": {A^x + b), ^ for i^l,...,m}, 

where x = {xi, . . . , a;„)* is the column of coordinates. Consider the affine map 

iA,b ■■ R" ^ K", *A,b(a;) =A'x + b = ((ai, x)+bi,..., (a„, x) + 

If P has a vertex, then the image of M" under iA,b is an n-dimensional afhne plane 
in R'", which we can write by to — n linear equations: 

M.6(K") = {y e R'" : y = A^x + b for some x e R"} 

^^■^^ ={yeR":ry = r&}, 

where = (7jfc) is an (to — n) x m-matrix whose rows form a basis of linear relations 
between the vectors a^. That is, 7^ is of full rank and satisfies the identity FA* — 0. 
We have m.5(-P) = n iA,b(M")- 

Construction 2.4 (Gale duahty). Let Oi, . . . , am be a configuration of vec- 
tors that span the whole R". Form an (m — n) x m-matrix F — {jjk) whose rows 
form a basis in the space of linear relations between the vectors a^. The set of 
columns 7i,...,7,„ of 7^ is called a Gale dual configuration of ai,...,am- The 
transition from the configuration of vectors ai, . . . , a,„ in R" to the configuration 
of vectors 71, ... , 7^ in R™~" is called the (linear) Gale transform. Each configu- 
ration determines the other uniquely up to isomorphism of its ambient space. In 
other words, each of the matrices A and F determines the other uniquely up to 
multiplication by an invertible matrix from the left. 

Using the coordinate-free notation, we may think of ai,...,a,„ as a set of 
linear functions on an n-dimensional space W. Then we have an exact sequence 

0->-W ^ R'" A L ^ 0, 

where A* is given by a; (('^ii 2;), . . . , (om, a;)), and the map F takes to ji G 
L = R'"~". Similarly, in the dual exact sequence 

^ L* A R" A VK* 0, 

the map A takes to e W* = M". Therefore, two configurations ai, . . . , a™ 
and 71 , . . . , 7„i are Gale dual if they are obtained as the images of the standard 
basis of R™ under the maps A and _r in a pair of dual short exact sequences. 

Here is an important property of Gale dual configurations: 

Theorem 2.5. Let ai,...,a,„ aric? 71, 7™ be Gale dual configurations of 
vectors in R" and M™~" respectively, and let I = {ii, . . . ,ik}. Then the subset 
{oi: i € 1} is linearly independent if and only if the subset {jj : j ^ 1} spans the 
whole M™-". 

The proof uses an algebraic lemma: 
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Lemma 2.6. Let h be a field or TL, 



and assume given a diagram 





i 
U 







> R 



S 



> T 



> 



pi 



V 

i 





in which both vertical and horizontal lines are short exact sequences of vector spaces 
over k or free abelian groups. Then pii2 is surjective (respectively, infective or split 
injective) if and only i/p2*i is surjective (respectively, injective or split injective). 

Proof. This is a simple diagram chase. Assume first that piZ2 is surjective. 
Take a e T; we need to cover it by an element in U. There is /? g 5 such that 
P2{l3) = a. If /? S ii{U), then we are done. Otherwise set 7 — pi{/3) ^ 0. Since 
Pii2 is surjective, we can choose S € R such that pii2(<5) — 7. Set 77 = 12 (<5) ^ 0. 
Hence, pi{ri) = pi(/3)(= 7) and there is ^ £ ?7 such that ii{£,) = P — rj- Then 
P2ii(C) = P2(/5 - ?7) = a " P2«2(<5) = a. Thus, ^2*1 is surjective. 

Now assume that pii2 is injective. Suppose ^2*1 (a) — for a nonzero a £ U. 
Set /? = «i(a) 7^ 0. Since P2{P) = 0, there is a nonzero 7 e i? such that 12(7) = Z^- 
Then ^112(7) = Pi(/3) = Piii{oi) = 0. This contradicts the assumption that pii2 is 
injective. Thus, p2ii is injective. 

Finally, if pii2 is split injective, then its dual map ijPi '■ ^* is surjective. 

Then i\p2 : T* ^ U* is also surjective. Thus, ^2^1 is split injective. □ 

Proof of Theorem 12.51 Let A be the n x m-matrix with column vectors 
ai, . . . , am, and let F be the (m — n) x m-matrix with columns 71, ... , 7^. Denote 
by A/ the n x /c-submatrix formed by the columns {a^ : i G /} and denote by the 
(to — rt) X (to — fc)-submatrix formed by the columns {'jj : j I}. We also consider 
the corresponding maps yl/ : M'^ ^ R" and : M'"-'= ^ M™-". 

Let i: K*^ K™ be the inclusion of the coordinate subspace spanned by the 
vectors e^, i e /, and let p: M'"^''' the projection sending every such 

to zero. Then Aj = A ■ i and F~ — p ■ F*' . The vectors {a^: i S /} are linearly 
independent if and only if A/ = A ■ i \s injective, and the vectors {7^ : j ^ /} 
span M™"" if and only if F~ — p-F* is injective. These two conditions are equivalent 
by Lemma \TM □ 

Construction 2.7 (Gale diagram). Let P be a polytope (|2.ip with bi = 1 
and let P* = conv(ai, . . . , 0^) be the polar polytope. Let A* = {A^ 1) be the 
TO X (rt + l)-matrix obtained by appending a column of units to A*' . The matrix 
A* has full rank n + 1 (indeed, otherwise there is a; e M" such that (a^, a;) = 1 for 
all z, and then Aa; is in P for any A ^ 1, so that P is unbounded). A configuration 
of vectors G = {qi, . . . , g^) in R"*""^^ which is Gale dual to A is called a Gale 
diagram of P*. A Gale diagram G — (g^, . . . , g^) of P* is therefore determined by 
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the conditions 

m 

GA* — 0, rankG = to — n — 1, and ^ g^ = 0. 

i=l 

The rows of the matrix G from a basis of ajfine dependencies between the vectors 
ai, . . . , a,„, i.e. a basis in the space oi y ~ (j/i, . . . , y™)* satisfying 

yiai H h ymflm = 0, yi H h ?/,„ = 0. 

Proposition 2.8. T/ie polyhedron P = P{A, b) is bounded if and only if the 
matrix F = {'jjk) can be chosen so that the affine plane i^_5(R") is given by 

yeR"': 7iiyi H h jimym = c, 1 

IjlVl H 1- Ijrnym =0, 2 ^ j < TO - n, J 

where c > and jn- > for all k. 

Furthermore, if bi = 1 in (|2.ip . then the vectors — (72i, • • ■ , 7m-n.i)*, * = 
1, . . . , TO, form a Gale diagram of the polar polytope P* — conv(ai, . . . , am)- 

Proof. The image iA,b{P) is the intersection of the n-plaiie L — j^^5(R") 
with R™. It is bounded if and only if Lq H R™ = {0}, where io is the n-plane 
through parallel to L. Choose a hyperplane Hq through such that Lq C i?o and 

n R> = {0}. Let H be the affine hyperplane parallel to Hq and containing L. 
Since L d we may take the equation defining H as the first equation in the 
system Fy = Fb defining L. The conditions on Hq imply that nK> is nonempty 
and bounded, that is, c > and 7ifc > for all k. Now, subtracting the first equation 
from the other equations of the system Fy = Fb with appropriate coefficients, we 
achieve that the right hand sides of the last m — n — 1 equations become zero. 

To prove the last statement, we observe that in our case 

jn ^ ^711 • • • 7lm\ 
V^l •■■ 9rnJ' 

The conditions FA = and rankF — m — n imply that GA ~ and rankG = 

m — n—1. Finally, by comparing (|2.3p with (|2.4p we obtain Fb — . Since bi = 1, 

we get X]"=i 9i = ^- Thus, G = {gi, . . . , g„J is a Gale diagram of P*. □ 

Corollary 2.9. A polyhedron P ~ P{A, b) is bounded if and only if the vectors 
ai, . . . , Om satisfy aiOi + • • • + amOrn — for some positive numbers a^- 

Proof. If ai, . . . , Om satisfy X^fcLi ctkdk — with positive a^, then we can 
take X^I-Li Q!fc2/fc = X^I-Li Q^fc&fe as the first equation defining the n-plane iyi^f,(R") 
in R™. It follows that iA,b{P) is contained in the intersection of the hyperplane 
'^^^iCikyk = X^fcLi Q^fc^fc with R™, which is bounded since all ak are positive. 
Therefore, P is bounded. 

Conversely, if P is bounded, then it follows from Proposition 12.81 and Gale 
duality that ai, . . . , a„i satisfy 711 fli + • • • + 7i,Tia„i ~ with 71^ > 0. □ 

A Gale diagram of P* encodes its combinatorics (and the combinatorics of P) 
completely. We give the corresponding statement in the generic case only: 

Proposition 2.10. Assume that (|2.ip is a generic presentation with bi = 1. 
Let P* — conv(ai, . . . , Om) be the polar simplicial polytope and G ~ {gi, . . . , g.^) 
be its Gale diagram. Then the following conditions are equivalent: 



(2.4) z^,5(R") = 
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(a) F^,r\---r\F^, ^ m P = P{A, 1); 

(b) conv(aij , . . . , a^j.) is a face of P* ; 

(c) G conv(gj : j ^ {ii, . . . , ik}) . 

Proof. The equivalence (a)<S4> (b) follows from Theorems l2.1l and l2.2l 

(b) ^ (c). Let conv(aij , . . . , Ui^) be a face of P*. We first observe that each of 
, . . . , flij. is a vertex of this face, as otherwise presentation ()2.ip is not generic. 

By definition of a face, there exists a linear function ^ such that £,{aj) = for 
j € {«!,..., ife} and > otherwise. The condition € intP* implies that 

^(0) > 0, and we may assume that ^ has the form £,{u) = {u,x) + 1 for some 
X e M". Set yj = ^(a^) = {aj, x) + 1, i.e. y = A^x + 1. We have 

m m 

where > for j ^ {zi, . . . , ik]- It follows that e conv(gj : j ^ {ii, . . . , ifc}). 

(c) =^> (b). Let jfc} ~ with and at least one yj nonzero. 
This is a linear relation between the vectors . The space of such linear relations 

has basis formed by the columns of the matrix A* = (A* 1). Hence, there exists 
x £ K" and 6 S M such that yj = {aj, x) + b. The linear function ^(it) = (u, x) + b 
takes zero values on aj with j e {ii, . . . , 1^} and takes nonnegative values on the 
other aj. Hence, ai^, . . . , ai^ is a subset of the vertex set of a face. Since P* is 
simplicial, a^j^ , • . • , ai^, is a vertex set of a face. □ 

Remark. We allow redundant inequalities in Proposition (|2.10p . Li this case 
we obtain the equivalences 

Fi — 4^ a-i e conv(aj : j ^ i) ^ conv{gj : j ^ i). 

A configuration of vectors G = {g^, . . . , g„J in M™^"^^ with the property 

e coiwi^gj : j ^ {ii, . . . ,ik}) conv(aij, . . . , a^^) is a face of P* 

is called a combinatorial Gale diagram of P* = conv(ai, . . . , a„i)- For example, a 
configuration obtained by multiplying each vector in a Gale diagram by a positive 
number is a combinatorial Gale diagram. Furthermore, the vectors of a combinato- 
rial Gale diagram can be moved as long as the origin does not cross the 'walls', i.e. 
affine hyperplanes spanned by subsets of ^j^, . . . , A combinatorial Gale diagram 
of P* is a Gale diagram of a polytope which is combinatorially equivalent to P* . 

Gale diagrams provide an efficient tool for studying the combinatorics of higher- 
dimensional polytopes with few vertices, as in this case a Gale diagram translates 
the higher-dimensional structure to a low-dimensional one. For example, Gale dia- 
grams are used to classify n-polytopes with up to n -I- 3 vertices and to find unusual 
examples when the number of vertices is n + 4, see |59l §6.5]. 

3. Intersections of quadrics 

Here we describe the correspondence between polyhedra (|2.ip and intersections 
of quadrics. 
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3.1. Prom polyhedra to quadrics. 

Construction 3.1 (Ll4j, see also \16i §3]). Let P = P{A,b) be a presen- 
tation (|2.ip of a polyhedron with a vertex. Recall the map iA.b'- — > M'", 
X A*x + b (see Construction 12. 3p . It embeds P into (since the vectors 
ai, . . . , Um span R"). We define the space ZA.b from the commutative diagram 



ZA.t 



(3.1) 



|2 I, |2\ 



where /x(zi, . . . , z^) = (|zi| , . . . , |zm| ). The torus T"* acts on ZA,b with quotient 
P, and iz is a T'"-equivariant embedding. 

By replacing yk by |zfcp in the equations defining the affine plane iA,b(^"') 
(see p.3|) ) we obtain that Zyi^b embeds into C™ as the set of common zeros of 
m — n quadratic equations [Hermitian quadrics): 



7n 



(3.2) ^z(2A,6) = {2 e C": ^7jfc|zfcp =^7,fc6fc, for 1 j ^ m - n}. 

fc=i fe=i 

The following property of ZA.b follows easily from its construction. 

Proposition 3.2. Given a point z e ZA.b, the jth coordinate of iz{z) £ C™ 
vanishes if and only if z projects onto a point x G P such that x Cz Fj . 

Theorem 3.3. The following conditions are equivalent: 

(a) presentation (|2.ip determined by the data (A, ft) is generic; 

(b) the intersection of quadrics in p.2p is nonempty and nondegenerate, so 
that ZA,b is a smooth manifold of dimension m + n. 

Furthermore, under these conditions the embedding iz'. ZA,b ~> C™ has T™- 
equivariantly trivial normal bundle; a T"^ -framing is determined by a choice of 
matrix F in (12.31) . 



Proof. For simplicity we identify ZA,b with its embedding iz{ZA,b) C C™. 
We calculate the gradients of the m — n quadrics in p.2p at a point z = 
) S ZA,b, where Zk = Xk + iyk'- 

(3.3) 2(7, ) , 1 ^ j ^ m — n. 

These gradients form the rows of the (m — n) x 2m matrix 2FA, where 

/xi j/i ... 

: : : 

\ ... Xm ym 

Let / = {«!, . . . ,ik} — {i: Zi — 0} be the set of zero coordinates of z. Then the 
rank of the gradient matrix 2PZ\ at z is equal to the rank of the {m — n)x{m — k) 
matrix Fj obtained by deleting the columns ii, . . . , from P. 

Now let (|2.ip be a generic presentation. By Proposition 13.21 a point z with 
Zi^ = ■ ■ ■ ~ Zi^ — Q projects to a point in P^^ n • • • n P^j. 7^ 0. Hence the vectors 
ttij , . . . , flifc are linearly independent. By Theorem 12.51 the rank of Pj is to — n. 
Therefore, the intersection of quadrics p.2p is nondegenerate. 
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On the other hand, if p.ip is not generic, then there is a point z e ZA,h such 
that the vectors {0^^ , . . . , a^^. : zi^ = ••• = Zi^, — 0} are hnearly dependent. By 
Theorem 12. 5[ the columns of the corresponding matrix do not span R™~", so 
its rank is less than m~n and the intersection of quadrics p.2p is degenerate at z. 

The last statement follows from the fact that 2,A,b is a nondegenerate intersec- 
tion of quadratic surfaces, each of which is T™-invariant. □ 

3.2. Prom quadrics to polyhedra. This time we start with an intersection 
of TO — rt Hermitian quadrics in C": 



The coefficients of quadrics form an (to — n) x m-matrix F = (cii'k)^ ^'^^ 'we denote 
its column vectors by 71, ... , 7^. We also consider the column vector of the right 
hand sides, 5 = (Ji, . . . , 5„-„)* € M™"". 

These intersections of quadrics are considered up to linear equivalence^ which 
corresponds to applying a nondegenerate linear transformation of R™~" to F and S. 
Obviously, such a linear equivalence does not change the set Zr,s- 

We denote by K^(7i, . . . , 7™) the cone spanned by the vectors 71, . . . , 7^ (i.e., 
the set of linear combinations of these vectors with nonnegative real coefficients) . 

A version of the following proposition appeared in [40| , and the proof below is 
a modification of the argument in |10[ Lemma 0.3]. It allows us to determine the 
nondegeneracy of an intersection of quadrics directly from the data [F, 6) : 

Proposition 3.4. Fhe intersection of quadrics p.4p is nonempty and nonde- 
generate if and only if the following two conditions are satisfied: 

(a) S e R^(7i,...,7„); 

(b) if S Cz R^(7,;j, . . .7ifc), then k ^ m ~ n. 

Under these conditions, Zr.f, is a smooth submanifold in C™ of dimension m + n, 
and the vectors 71, ... , 7™ span R™~". 

Proof. First, assume that (a) and (b) are satisfied. Then (a) implies that 
Zr.s 7^ 0- Let z G Zr.s- Then the rank of the matrix of gradients of (|3.4I) at z is 
equal to rk{7j, : zj, 7^ 0}. Since z G Zp sj the vector S is in the cone generated by 
those 7s. for which z^. ^ 0. By the Caratheodory Theorem, 6 belongs to the cone 
generated by some to — n of these vectors, that is, S e R^(7fej , . . . , 7fc„_„), where 
Zki 7^ for i — 1, . . . , TO — n. Moreover, the vectors 7^^ , . . . , 7fe„_„ are linearly inde- 
pendent (otherwise, again by the Caratheodory Theorem, we obtain a contradiction 
with (b)). This implies that the m — n gradients of quadrics in (|3.4p are linearly 
independent at z, and therefore Zr.s is smooth and (m -I- n)-dimensional. 

To prove the other implication we observe that if (b) fails, that is, 5 is in the 
cone generated by some to — n — 1 vectors of 71, . . . ,7m, then there is a point 
z £ Zr.s with at least n + 1 zero coordinates. The gradients of quadrics in (I3.4p 
cannot be linearly independent at such z. □ 

The torus T™ acts on Zp.s, and the quotient Zr^a/T™ is identified with the set 
of nonnegative solutions of the system of to — n linear equations 



m 




m 



(3.5) 
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This set may be described as a convex polyhedron P{A, b) given by p.ip . where 
{bi, . . . ,bm) is any solution of p.5p and the vectors ai, . . . , am G R" form the 
transpose of a basis of solutions of the homogeneous system X^I-Li 7fc!/fc = 0- We 
refer to P{A, b) as the associated polyhedron of the intersection of quadrics Zp.s- If 
the vectors 71, ... , 7^, span R™^", then Oi, . . . , a^, span R". In this case the two 
vector configurations are Gale dual. 

We summarise the results and constructions of this section as follows: 

Theorem 3.5. A presentation of a polyhedron 

P ^ PiA, ft) = {a; e M" : (a„ x) + h ^ for i = 1, . . . ,m} 
(with ai, . . . , dm spanning R"J defines an intersection of Hermitian quadrics 

rn 

Zr.s = \^z= {zi,...,Zm) eC"^: '^ljk\zk\'^ ^ Sj /or j = 1, . . . , m - n|. 

k=l 

(with 71, . . . ,7m spanning R"'^"j uniquely up to a linear isomorphism of R™^", 
and an intersection of quadrics Zp.s defines a presentation P{A, ft) uniquely up to 
an isomorphism of R" . 

The systems of vectors ai, . . . , am G K" and 71, ... , 7^ G R™^" are Gale dual, 
and the vectors ft S R™ and S € R™~" are related by the identity S — Pb. 

The intersection of quadrics Zp s is nonempty and nondegenerate if and only 
if the presentation ft) is generic. 

Example 3.6 (m = n + 1: one quadric). If presentation p.ip is generic and P 
is bounded, then m n + 1. The case m = 77, + 1 corresponds to a simplex. The 
standard simplex is given by the following n + 1 inequalities: 

Z\" = {a; G R" : a:, > for i = 1, . . . , n, and - a; 1 a;„ + 1 ^ O}. 

We therefore have = (the ith standard basis vector) for i — l,...,n and 
a„+i = — ei — • • • — e„. By taking 7^ = (1 • • • 1) we obtain 

ZA,b = §" = {ze C"+i : + . . . + \zn+lf = 1}. 

More generally, a presentation p.ip with m — n + I and ai, . . . , a„ spanning 
R" can be taken by an isomorphism of R" to the form 

P = {a; G R" : Xi + bi ^0 for i ~ 1, . . . , n, and — cixi — • • • — CnXn + bn+i ^ O}. 
We therefore have P — (ci • • • d 1), and ZA,b is given by the single equation 

Cll^ll^ H h Cn\Znf + \Zn+lf = Ci^i H h C„6„ + bn+l- 

If the presentation is generic and bounded, then ZA,b is nonempty, nondegenerate 
and bounded by Theorem l3.3l This implies that all Ci and the right hand side above 
are positive, and ZA.b is an ellipsoid. 

4. Moment-angle manifolds from polytopes 

Here we consider the case when the polyhedron P defined by (|2.ip (or equiv- 
alently, intersection of quadrics (13. 4p ) is bounded. We also assume that (12. ip 
is a generic presentation, so that P is an n-dimensional simple polytope and 
ZA.b = Zr.s is an (m + n)-dimensional closed smooth manifold. 

We start with the construction of an identification space, which goes back to 
the work of Vinberg |58) on Coxeter groups and was presented in the form described 
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below in the work of Davis and Januszkiewicz [21J . It was the first construction of 
what later became known as the moment-angle manifold. 

Construction 4.1. Let [m] {1, . . . ,rn} be the standard m-element set. For 
each / C [m] we consider the coordinate subtorus 

= {{h, t„,) e r" ■.t,=l for j^I} C T'". 

In particular, is the trivial subgroup {1} C T™. 

Define the map x T — > C by (y, i-> yt. Taking product we obtain a map 
M™ X T™ ^ C™. The preimage of a point z e C" under this map is y x T'^(^), 
where yi — \zi\ for 1 ^ i ^ m and 

Lli{z) {i: Zi = 0} C [m] 

is the set of zero coordinates of z. Therefore, C™ can be identified with the quotient 

(4.1) R|'xT™/~ where - (y,f2) if ir^*2 e T^t^^). 

Given a; G P, set 

= {i e H : a; e PJ 

(the set of facets containing x). 

Proposition 4.2. 2,A.b is T"^ -equivariantly homeomorphic to the quotient 

P X T"V- where {x, ti) - (a;, fa) «/ *r^*2 e T^-. 

Proof. Using (|3.ip . we identify ZA,b with iA,b{P) x T™/-- , where ~ is the 
equivalence relation from (|4.ip . A point x G P is mapped by iA,b io y £ R™ with 

An important corollary of this construction is that the topological type of ZA,b 
depends only on the combinatorics of P: 

Proposition 4.3. Assume given two generic presentations: 
P={xeK": {A^x+b),^0} and P' ^ {x eW : {A'*x+ b'), ^ O} 
such that P and P' are combinatorially equivalent simple polytopes. 

(a) // both presentations are irredundant, then the corresponding manifolds 
ZA,b cind Za'^v o-f^ T™ -equivariantly homeomorphic. 

(b) // the second presentation is obtained from the first one by adding k re- 
dundant inequalities, then Za' is homeomorphic to a product of ZA^b 
and a k-torus . 

Proof, (a) By Proposition [121 ZA^b = P x T™/- and ZA',b' = P' x T™/- . 
If both presentations are irredundant, then any Fi is a facet of P, and the equiv- 
alence relation ^ depends on the face structure of P only. Therefore, any homeo- 
morphism P — > P' preserving the face structure extends to a T™-homeomorphism 
P X T™/ > P' X T™/- . 

(b) Suppose the first presentation has m inequalities, and the second has m' 
inequalities, so that m' — m — k. Let J C [m'] be the subset corresponding to the 
k added redundant inequalities; we may assume that J = {m -|- 1, . . . , m'}. Since 
Fj = for any j G J, we have /ajH J = for any x £ P' . Therefore, the equivalence 
relation ^ does not affect the factor T"^ C T™ , and we have 

ZA',b' = P' X T™7^ = (P X T"V- ) X T"' ^ ZA^b X T*^. □ 
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Remark. A T^-homeomorphism in Proposition 14.31 (a) can be replaced by a 
T™-diffeoniorphisni (with respect to the smooth structures of Theorem 13. 3p , but 
the proof is more technical. It follows from the fact that two simple polytopes 
are combinatorially equivalent if and only if they are diffeomorphic as 'smooth 
manifolds with corners'. For an alternative argument, see |10[ Corollary 4.7]. 

Statement (a) remains valid without assuming that the presentation is generic, 
although ZA.b is not a manifold in this case. 

Definition 4.4. We refer to the (m + n)-dimensional manifold Zam defined 
by any irredundant presentation (|2.ip of an n-dimensional simple polytope P with 
m facets as the moment- angle manifold corresponding to P, and denote it by Zp. 
Moment- angle manifolds appearing in this way are called polytopal; more general 
moment-angle manifolds will be considered later. 

Proposition 4.5. The moment-angle manifold Zp is T"^ -equivariantly diffeo- 
morphic to a nondegenerate intersection of quadrics of the following form: 

{ ^eC™: ELik'cP = 1, 1 

where {qi, . . . ,5„J C R™^"^i is a combinatorial Gale diagram of P* . 

Proof. It follows from Proposition 12.81 that Zp is given by 

f 2eC": 7iiki|' + ---+7im|-zr„|' =c, 1 
\ 3iki|' + --- + 9™l^™P = 0, J 

where 71^ and c are positive. Divide the first equation by c, and then replace each 
Zk by \J T^Zk- As a result, each g^. is multiplied by a positive number, so that 
[qi, . . . ^ g^) remains to be a combinatorial Gale diagram for P* . □ 

By adapting Proposition 13.41 to the special case of quadrics (|4.2p . we obtain 



(4.2) 



Proposition 4.6. The intersection of quadrics given by (|4.2p is nonempty 
nondegenerate if and only if the following two conditions are satisfied: 

(a) e conv(gi,...,3„); 

(b) if (z conv(gj^ , . . . , ), then k ^ m — n. 

Following [lOj . we refer to a nondegenerate intersection (|4.2I) of m — n — 1 
homogeneous quadrics with a unit sphere in C" as a link. We therefore obtain that 
any moment-angle manifold is diffeomorphic to a link, and any link is a product of 
a moment-angle manifold and a torus. 

As we have seen in Example 13.61 the moment-angle manifold corresponding 
to an n-simplex is a sphere S"^""*"^. This is also the link of an empty system of 
homogeneous quadrics, corresponding to the case m = n + 1. 

Example 4.7 (m = n + 2: two quadrics). A polytope P defined by m = 
71 + 2 inequalities either is combinatorially equivalent to a product of two simplices 
(when there are no redundant inequalities) , or is a simplex (when one inequality is 
redundant). In the case m = n -\-2 the link (|4.2p has the form 

r zeC"': |zi|2 + ... + |2,„|2 = i^ I 

1 5lklP H h^mlZmP = 1, J 
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where gk £ M. Condition (b) of Proposition 14.61 implies that all gi are nonzero; 
assume that there are p positive and q = m—p negative numbers among them. Then 
condition (a) implies that p > and q > 0. Therefore, the link is the intersection 
of the cone over a product of two ellipsoids of dimensions 2p — I and 2q — I (given 
by the second quadric) with a unit sphere of dimension 2m — 1 (given by the first 
quadric). Such a link is diffeomorphic to S^p~^ x S'^'^~^. The case p — 1 or q ~ 1 
corresponds to one redundant inequality. In the irredundant case {P is a product 
^P-i X Z\«-i, p,q>l) we obtain that Zp = S'^p-i x S^^-i. 

5. Hamiltonian toric manifolds and moment maps 

Particular examples of polytopal moment-angle manifolds Zp appear as level 
sets for the moment maps used in the construction of Hamiltonian toric manifolds 
via symplectic reduction. In this case the left hand sides of the equations in (13. 2p 
are quadratic Hamiltonians of a torus action on C™. 

5.1. Symplectic reduction. We briefly review the background material 
in symplectic geometry, referring the reader to monographs by Audin and 
Guillemin |33| for further details. 

A symplectic manifold is a pair (W, lu) consisting of a smooth manifold W and 
a closed differential 2-form w which is nondegenerate at each point. The dimension 
of a symplectic manifold W is necessarily even. 

Assume now that a torus T acts on W preserving the symplectic form uj. We 
denote the Lie algebra of the torus T by t (since T is commutative, its Lie algebra 
is trivial, but the construction can be generalised to noncommutative Lie groups). 
Given an element v £ t, we denote by X„ the corresponding T-invariant vector 
field on W. The torus action is called Hamiltonian if the 1-form Lu{Xy, ■ ) is exact 
for any v £ t. In other words, an action is Hamiltonian if for any v £ t there exist 
a function Hy on W (called a Hamiltonian) satisfying the condition 

uj{X,,Y)^dHy{Y) 

for any vector field Y on W. The function is defined up to addition of a constant. 
Choose a basis {e^} in t and the corresponding Hamiltonians {Hg.}. Then the 
moment map 

(where x G W) is defined. Observe that changing the Hamiltonians Hg. by constants 
results in shifting the image of ^ by a vector in t* . According to a theorem of Atiyah 
and Guillemin-Sternberg, the image fJ-(W) of the moment map is convex, and if W 
is compact then /i(VF) is a convex polytope in t*. 

Example 5.1. The most basic example is W = C™ with symplectic form 

m m 

UJ = i dzfc A cfzfe — 2 dxk A di/fc, 

where Zk = Xk+iyk- The coordinatewise action of the torus T™ on C™ is Hamilton- 
ian. The moment map fi: C™ M™ is given by ^(^i, . . . , Zm) = (l^iP, ■ • ■ , l-ZmP)- 
The image of ^ is the positive orthant M™. 

Construction 5.2 (symplectic reduction). Assume given a Hamiltonian ac- 
tion of a torus T on a symplectic manifold W. Assume further that the moment map 
/Lt: -> t* is proper, i.e. p~^{V) is compact for any compact subset V C i* (this is 
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always the case if W itself is compact). Let u G t* be a regular value of the moment 
map, i.e. the differential TxW — > t* is surjective for all x E /i^^(M). Then the level 
set fi~^{u) is a smooth compact T-invariant submanifold in W. Furthermore the 
T-action on ^~^{u) is almost free, i.e. all stabilisers are finite subgroups. 

Assume now that the T-action on /i^^(tt) is free. The restriction of the symplec- 
tic forma; to /i~^(u) may be degenerate. However, the quotient manifold fi^^{u)/T 
is endowed with a unique symplectic form w' such that 

* / 

p iU = I LU, 

where i: fi^^{u) — !■ T4^ is the inclusion and p: /i^^(u) — !■ fi^^{u)/T the projection. 

We therefore obtain a new symplectic manifold (^^^{u)/T, uj') which is referred 
to as the symplectic reduction, or the symplectic quotient of {W, uj) by T. 

The construction of symplectic reduction works also under milder assumptions 
on the action (see |25| and more references there) , but the generality described here 
will be enough for our purposes. 

5.2. The toric case. We want to study symplectic quotients of C" by torus 
subgroups T C . Such a subgroup of dimension m — n has the form 

(5.1) Tr = {(e2"<Ti^'^),...,e2'^'<'^'"^'^>)e T'"}, 

where tp G M™^" is an (m — ?i)-dimensional parameter, and F = (71, . . . ,7m) is a 
set of m vectors in M™^". In order for Tp to be an (to — n)-torus, the configura- 
tion of vectors 71, . . . ,7™ must be rational, i.e. the set of all their integral linear 
combinations L = Z(7i, . . . ,7™) must be an (to — ?i)-dimensional discrete subgroup 
(lattice) in M™-". Let 

L* = {A* e M™"" : (A*, A) e Z for all X e L} 

be the dual lattice. We shall represent the elements oiTp hy tp E M™^" occasionally, 
so that Tr is identified with the quotient K™-'7L*. 

The restricted action of Tp C T™ on C™ is obviously Hamiltonian, and the 
corresponding moment map is the composition 

(5.2) ^r:C" — ^ M" — ^ tf, 

where M™ — > is the map of the dual Lie algebras corresponding to Tp — > T™. 
The map M™ — > l*p takes the ith basis vector Si E R™ to 7^ E i*p. By choosing a 
basis in L d t*p we can write the map R™ — )• by an integer matrix F = {"/jk)- 
The moment map (|5.2p is then given by 

m m 

(zi,...,Zm) I > fy^7lfckfcP; ■ ■ ■ ^y^Tm-n.fcl-Zfcpy 

k=l fc=l 

Its level set fip^{S) corresponding to a value S — [Si, ... , Sm-n)^ G i*p is exactly the 
intersection of quadrics Zpg given by (|3.4p . 

To apply the symplectic reduction we need to identify when the moment map p p 
is proper, find its regular values S, and finally identify when the action of Tp on 
l^p^i^) = ^r,s is free. In Theorem 15.31 below, all these conditions are expressed in 
terms of the polyhedron P associated with Zp^s as described in Section |31 We need 
a couple more definitions before we state this theorem. 

It follows from Gale duality that 71, . . . ,7™ span a lattice F in M'"^" if and 
only if the dual configuration ai, . . . , Um spans a lattice TV = Z(ai, . . . , a,„) in M". 
We refer to a presentation ()2.ip as rational if Z(ai, . . . , am) is a lattice. 



16 



TARAS PANOV 



Recall that for each a; e P we defined 

= {« e N : {a,., x) + h,^Q} ^ {i^[m]: X ^ Fi} 

(the set of facets containing a;). A polyhedron P is called Delzant if it has a rational 
presentation ()2.ip such that for any x E P the vectors { : i G /»; } constitute a 
part of a basis ofA^ = Z(ai,..., am)- Equivalently, P is Delzant if it is simple and 
for any vertex x G P the vectors normal to the n facets meeting at x form a 
basis of the lattice N. The term comes from the classification of Hamiltonian toric 
manifolds due to Delzant [22], which we shall briefly review later. 

Now let (5 € ir be a value of the moment map fir '■ — )■ i*p, and iJ,p^{S) = Zr,s 
the corresponding level set, which is an intersection of quadrics p.4p . We associate 
with Zr.s a presentation (|2.ip as described in Section [3] (see Theorem 13. 5p . 

Theorem 5.3. LetTr C T™ be a torus subgroup (|5.ip . determined by a rational 
configuration of vectors 71 , . . . , 7„i . 

(a) TTie moment map fip '■ C™ — )■ is proper if and only if its level set ij,p^{5) 
is bounded for some (and then for any) value S E t*p. Equivalently, the map 
fir is proper if and only if the Gale dual configuration ai, . . . , Om satisfies 
aiOi + • • • + amOm = for some positive numbers ak- 

(b) S E t*p is a regular value of fip if and only if the intersection of quadrics 
fip^{S) — Zp^s is nonempty and nondegenerate. Equivalently, S is a regular 
value if and only if the associated presentation P — P{A, b) is generic. 

(c) The action of Tp on fip (S) — Zp^s is free if and only if the associated 
polyhedron P is Delzant. 

Proof, (a) If fip is proper then fip^(S) C is compact, so it is bounded. 

Now assume that fip^ [S) — Zp^s is bounded for some S. Then the corresponding 
polyhedron P is also bounded. By Corollarv l2.91 this is equivalent to vanishing of a 
positive linear combination of ai, . . . , a„j. This condition is independent of S, and 
we conclude that fj,p^{S) is bounded for any 6. Let X C be a compact subset. 
Since fip^{X) is closed, it is compact whenever it is bounded. By Proposition 12.81 
we may assume that, for any S E X, the first quadric defining fip^(6) ~ Zp^s is 
given by 7ii|2;ip + • • • + "fim\zm\^ = 61 with jik > 0. Let c = max^gx 61. Then 
fj,p^(X) is contained in the bounded set 

{Z e C™: 7ll|2lP + ---+7lmkmP c} 

and is therefore bounded. Hence, fip^{X) is compact, and fip is proper. 

(b) The first statement is the definition of a regular value. The equivalent 
statement is already proved as Theorem 13.31 

(c) We first need to identify the stabilisers of the Tr-action on fip^{S). Although 
the fact that these stabilisers are finite for a regular value 6 follows from the general 
construction of symplectic reduction, we can prove this directly. 

Given a point z = (zi, . . . , Zm) G Zr,s, we define the sublattice 

L2 = Z(7i: ^ 0) C i = Z(7i, . . .,7m). 

Lemma 5.4. The stabiliser subgroup of z E Zp^g under the action of Tp is 
given by L*JL*. Furthermore, if Zp^s is nondegenerate, then all these stabilisers 
are finite, i.e. the action of Tp on Zp g is almost free. 
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Proof. An element (^e^Triiju^) ^ _ _ ^ ^2yrt{j,„,v)^ ^ ^^^^ p^jj^l- z e Zr if 
and only if e^'^^^^'"'^'^ — 1 whenever Zk 7^ 0. In other words, ip £ Tp fixes z if and 
only if (7fc,(^) € Z whenever Zk 7^ 0. The latter means that (/3 e L*. Since (p (z L* 
maps to 1 G Tr, the stabiliser of z is L*^/L* . 

Assume now that Zpg is nondegenerate. In order to see that L*^/L* is finite 
we need to check that the sublattice — ^(7^ : Zi ^ 0) d L has full rank m ^ n. 
Indeed, rk{7i : 0} is the rank of the matrix of gradients of quadrics in p.4p 
at z. Since Zr,s is nondegenerate, this rank is m — n, as needed. □ 

Now we can finish the proof of Theorem 15. 31 (c). Assume that P is Delzant. By 
Lemma [5.41 the T/-- action on Zp.s is free if and only if = L for any z G Zp.s- 
Let « : Z*^ — 7> Z™ be the inclusion of the coordinate sublattice spanned by those 
for which Zi — 0, and let p: Z™ — > Z™"*^ be the projection sending every such d 
to zero. We also have maps of lattices 

r*: ^Z", ((7i,Z),...,(7™,Z)), and : Z™ ^ iV, a^. 

Consider the diagram 



L* 

(5.3) > — ^ Z™ — ^ Z™-'^ > 



in which the vertical and horizontal sequences are exact. Then the Delzant condition 
is equivalent to that the composition A-i is split injective. The condition = L is 
equivalent to that F-p* is surjective, or p-F* is split injective. These two conditions 
are equivalent by Lemma 12.61 □ 

Corollary 5.5. Let P = P{A, b) be a Delzant polytope, T = (71, . . . , 7™) the 
Gale dual configuration, and Zp the corresponding moment-angle manifold. Then 

(a) d — Fb is a regular value of the moment map fip- C™ — !■ tp for the 
Hamiltonian action of Tr C T™ on C" ; 

(b) Zp is the regular level set fip^^Fb); 

(c) the action ofTp on Zp is free. 

We therefore may consider the symplectic quotient of C™ by Tp. It is a compact 
2n-dimensional symplectic manifold, which we denote Vp — Zp/Tp. This manifold 
has a 'residual' Hamiltonian action of the quotient n-torus T"^ /Tp. It follows from 
the vertical exact sequence in (|5.3p that T"^/Tp can be identified canonically with 
iV § = M"/iV, and we shall denote this torus by T^- We therefore obtain an 
exact sequence of tori 

(5.4) l^Tp ^ T™ Tn 1, 
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where exp A : T™ — > Tat is the map of toric corresponding to the map of lattices 
A: Z" N. 

The symplectic 2n-manifold Vp — Zp/Tp with the Hamihonian action of the 
n-torus T^v = T™ /Tp is called the Hamiltonian toric manifold corresponding to a 
Delzant polytope P. 

We denote by /ly : Vp — )• the moment map for the T/y-action on Vp, where 
In — Nk is the Lie algebra of T/y. The dual Lie algebra is naturally a subspace 
in M™ (the dual Lie algebra of T™), with the inclusion given by ^* : = M" ^ M™. 

Proposition 5.6. The image of the moment map iiy '■ Vp is the polytope 

P, up to shifting by a vector in i*^. 

Proof. Let w be the standard symplectic form on C™ and /i: C™ M™ the 
moment map for the standard action of T™ (see Example 15. II) . Let p: Zp Vp be 
the quotient projection by the action of Tp, and let i: Zp — !• C™ be the inclusion, 
so that the symplectic form uj' on Vp satisfies — i*uj. Let Hf,. : C™ — >■ R be 
the Hamiltonian of the T™-action on C™ corresponding to the ith basis vector 
Si (explicitly, H(..{z) — \zi\'^), and let Ha^ : Vp — > M be the Hamiltonian of the 
TAT-action on Vp corresponding to Oj £ t. Denote by Xf.^ the vector field on Zp 
generated by e^, and denote by Ya; the vector field on Vp generated by a^. Observe 
that p*Xe. = Ya-. For any vector field Z on Zp we have 

di/e. [Z) = i*Uj{Xe^ , Z) - p*w'(Xe. , Z) 

- J{Y^^,p,Z) - dHaAP*Z) - d{p*HaJiZ), 

hence Hf.. = P*Hai or Hf..{z) = Ha-{p{z)) up to constant. By definition of the 
moment map this implies that /iv(Vp) C C M™ is identified with iJ,{Zp) C K.™ 
up to shift by a vector in M™. The inclusion C M™ is the map A*, and /i(2p) = 
iA,b{P) = A^{P) + ft by definition of Zp, see (|3.ip . We therefore obtain that there 
exists c e R'" such that 

A\nv{Vp)) + c = A'{P) + b, 

i.e. A*(/iy(Vp)) and A*(P) differ by b — c e A^{t*^). Since A* is monomorphic, the 
result follows. □ 

We have described how to construct a Hamiltonian toric manifold from a 
Delzant polytope. A theorem of Delzant |22| says that any 2n-dimensional com- 
pact connected symplectic manifold W with an effective Hamiltonian action of an 
n-torus T is equivariantly symplectomorphic to a Hamiltonian toric manifold Vp, 
where P is the image of the moment map /i: W t* (whence the name 'Delzant 
polytope'). 

Example 5.7. Consider the case m — n = 1, i.e. Tp is 1-dimensional, and 
7fe G M. By Theorem 15.31 (a), the moment map fip is proper whenever each of its 
level sets 

fMr\S) = {z e C™: 7i|zip + . . . + 7,„|2„,|2 ^ S} 

is bounded. By Theorem 15.31 (b), 5 is a regular value whenever the quadratic hy- 
persurface 7i|2:ip -t- • • • -I- 7m|zmP = (5 is nonempty and nondegenerate. These two 
conditions together imply that the hypersurface is an ellipsoid, and the associ- 
ated polyhedron is an n-simplex (see Example 13. 6p . By Lemma [5.41 the Tp-action 
on iJ,p^{S) is free if and only if — L for any z G ij,p^{6). This means that 
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each 7fc generates the same lattice as the whole set 71 , . . . , 7m , which implies that 
71 = • • • = jm- The Gale dual configuration satisfies ai + • • • + am = 0. Then 
Tr is the diagonal circle in T™, the hypersurface iip^{S) = Zp is a sphere, and 
the associated polytope P is a standard simplex up to shift and magnification by 
a positive factor 5. The Hamiltonian toric manifold Vp — Zp/Tp is the complex 
projective space CP". 

6. Fans and toric varieties 

A toric variety is a normal algebraic variety on which an algebraic torus (C^)" 
acts with a dense (Zariski open) orbit. Toric varieties are described by combinatorial- 
geometric objects, rational fans. 

A toric variety can be defined from a rational fan using an algebraic version 
of symplectic reduction, also known as the 'Cox construction'. Different versions of 
this construction have appeared in the work of several authors since the early 1990s. 
We mainly follow the work of Cox |18j (and the modernised version |19l Chapter 5]) 
in our exposition; relationships between toric varieties and moment-angle manifolds 
will be explored further in the next sections. 

6.1. Cones and fans. A set of vectors ai,...,ak £ M" defines a convex 
polyhedral cone, or simply cone, 

o- = M^(ai, . . . , a„i) = {miAi H h Aifeflfc : ^.i G K^}. 

Here Oi, . . . afe are referred to as generating vectors (or generators) of a. A minimal 
set of generators of a cone is defined up to multiplication of vectors by positive 
constants. A cone is rational if its generators can be chosen from the integer lattice 
Z" C M". If cr is a rational cone, then its generators Oi, . . . 0^ are usually chosen 
to be primitive, i.e. each is the smallest lattice vector in the ray defined by it. 

A cone is strongly convex if it does not contain a line. A cone is simplicial if it 
is generated by a part of basis of M" , and is regular if it is generated by a part of 
basis of Z" . 

Any cone a is an (unbounded) polyhedron, and faces of a are defined as its 
intersections with supporting hyperplanes. Each face of a cone is a cone. If a cone 
is strongly convex, then it has a unique vertex 0; otherwise there are no vertices. 
A minimal generator set of a cone consists of nonzero vectors along its edges. 

A fan is a finite collection S = {ai, . . . , cTg} of strongly convex cones in some 
R" such that every face of a cone in E belongs to S and the intersection of any two 
cones in S is a face of each. A fan E is rational (respectively, simplicial, regular) if 
every cone in S is rational (respectively, simplicial, regular). A fan S = {ai, . . . , ag} 
is called complete if cri U • • • U (Ts = M". 

Cones in a fan can be separated by hyperplanes: 

Lemma 6.1 (Separation Lemma). Let a and a' he two cones whose intersection 
T is a face of each. Then there exists a common supporting hyperplane H for a and 
a' such that 

For the proof, see e.g. |29t §1.2]. Miraculously, the convex-geometrical sepa- 
ration property above will translate into topological separation (Hausdorffness) of 
algebraic varieties and topological spaces constructed from fans as described below. 
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Given a simplicial fan E with m edges generated by vectors ai, . . . , Om, define 
its underlying simplicial complex /Ce on [to] = {!,..., to} as the collection of subsets 
/ C [to] such that {a.; : i G /} spans a cone of S. 

A simplicial fan E in R" is therefore determined by two pieces of data: 

- a simplicial complex JC on [to] ; 

- a configuration of vectors ai, . . . , Om in K." such that the subset {oi : i S 
/} is linearly independent for any simplex / € /C. 

Then for each I G ]C we can define the simplicial cone ct/ spanned by with i G /. 
The 'bunch of cones' {cr/ : / G /C} patches into a fan E whenever any two cones 
(7/ and a J intersect in a common face (which has to be amj)- Equivalently, the 
relative interiors of cones cr/ are pairwise non-intersecting. Under this condition, we 
say that the data {/C; ai, . . . , am} define a fan E. 

The next construction assigns a complete fan to every convex poly tope. 

Construction 6.2 (Normal fan). Let F be a polytope (|2.1|) with to facets 
Fi, . . . , Fm and normal vectors ai, . . . , am- Given a face Q G P, we say that a 
vector ai is normal to Q if Q d Fi. Define the normal cone ctq as the cone generated 
by those which are normal to Q. It can be given by 

ag = {u e R" : (u, x') ^ {u, x) for all x' e Q and a; G P}. 

Then 

Ep = {ctq : Q is a face of P} U {0} 

is a complete fan which is referred to as the normal fan of the polytope P. If is 
contained in the interior of P then E p may be also described as the set of cones 
over the faces of the polar polytope P* . 

The normal fan Ep is simplicial if and only if P is simple. In this case the 
cones of Ep are generated by those sets {a^j, . . . , 0^^.} for which the intersection 
-Fii n • • • nPi^ is nonempty. The underlying simplicial complex /Csp is geometrically 
the boundary of the polar simplicial polytope P* . 

The normal fan Ep of a polytope P contains the information about the normals 
to the facets (the generators of the edges of Ep) and the combinatorial structure 
of P (which sets of vectors span a cone of Ep is determined by which facets 
intersect at a face), however the scalars hi in (|2.ip are lost. Not any complete fan 
can be obtained by 'forgetting the numbers hi from a presentation of a polytope by 
inequalities, i.e. not any complete fan is a normal fan. This is fails even for regular 
fans in R^, see [29, §1.5] for an example. Furthermore, complete simplicial fans 
and simplicial poly topes differ even as combinatorial objects: there are complete 
simplicial fans E whose underlying simplicial complex /Cs cannot be obtained as 
the boundary of any simplicial polytope (although no regular examples of this sort 
are known). 

6.2. Toric varieties. An algebraic torus is a commutative complex algebraic 
group isomorphic to a product (C^)" of copies of the multiplicative group = 
C \ {0}. It contains a compact torus T" as a Lie (but not algebraic) subgroup. 

We shall often identify an algebraic torus with the standard model (C^)". 

A toric variety is a normal complex algebraic variety V containing an algebraic 
torus (C^ )" as a Zariski open subset in such a way that the natural action of (C^ )" 
on itself extends to an action on V . 
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It follows that (C^)" acts on V with a dense orbit. 

Algebraic geometry of toric varieties is translated completely into the language 
of combinatorial and convex geometry. Namely, there is a bijective correspondence 
between rational fans in an n-dimensional space and complex n-dimensional toric 
varieties. Under this correspondence, 

cones i — 5- affine varieties 

complete fans < — > compact (complete) varieties 

normal fans of polytopes i — > projective varieties 

regular fans < — > nonsingular varieties 

simplicial fans < — > orbifolds 

The details of this classical correspondence can be found in any standard source on 
toric geometry, e.g. |20) . |29j or |19j . Along with the classical construction, there 
is an alternative way to define a toric variety: as the quotient of an open subset 
in C™ (the complement of a coordinate subspace arrangement) by an action of a 
commutative algebraic group (a product of an algebraic torus and a finite group). 

6.3. Quotients in algebraic geometry. Taking quotients of algebraic vari- 
eties by algebraic group actions is tricky for both topological and algebraic reasons. 
First, as algebraic groups are often not compact (as algebraic tori), their orbits may 
be not closed, and the quotients may be non-Hausdorff. Second, even if the quotient 
is Hausdorff as a topological space, it may fail to be an algebraic variety. This may 
be remedied to some extent by the notion of the categorical quotient. 

Let X be an algebraic variety with an action of an afhne algebraic group G. 
An algebraic variety Y is said to be a categorical quotient of X by the action of G 
if there exists a morphism tt: X ^ Y which is constant on G-orbits of X and has 
the following universal property: for any morphism ip: X ^ Z which is constant 
on G-orbits, there is a unique morphism ip: Y ^ Z such that ip o tt ~ ip. This is 
described by the diagram 

X ^Z 



Y 



A categorical quotient Y is unique up to isomorphism, and we shall denote it by 
X//G (although sometimes this notation is reserved for categorical quotients with 
extra good properties) . 

Assume that X — Spec A is an affine variety, where A = C[X] is the algebra of 
regular functions on X, and G is an algebraic torus (in fact, the construction works 
for any reductive affine algebraic group). Then the subalgebra C[X]'^ of G-invariant 
functions (i.e. functions / satisfying f{gx) = f{x) for any g G G and x G X) is 
finitely generated, and the corresponding affine variety Spec C[X]'-' is the categorical 
quotient X//G. The quotient morphism ir: X X//G is dual to the inclusion 
of algebras C[X]'^ C[X]. The morphism TT is surjective and induces a one-to- 
one correspondence between points of X//G and closed G-orbits of X (i.e. Tr~^{x) 
contains a unique closed G-orbit for any x G X//G, see |19| Proposition 5.0.7]). 

Therefore, if all G-orbits of an affine variety X are closed, then the categorical 
quotient X//G is identified as a topological space with the ordinary 'topological' 
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quotient X/G. In algebraic geometry quotients of this type are called geometric 
and also denoted by X/G. 

Example 6.3. Let act on C = Spec(C[2:]) by scalar multiplication. There 

are two orbits: the closed orbit and the open orbit C^. The topological quotient 
C/C^ consists of two points, one of which is not closed, so the space is not Hausdorff. 

On the other hand, the categorical quotient C//C^ = Spec(C[2:]''' ) is a point, 
since any -invariant polynomial is constant (and there is only one closed orbit). 

Similarly, if acts on C" = Spec(C[2;i, . . . , Zn]) diagonally, then an invariant 
polynomial satisfies f{\z\,. . . , Xzn) = f{zi, . . . , Zn) for all A e . Such polynomial 
must be constant, so that C"/C^ is again a point. 

In good cases categorical quotients of general (non-afhne) varieties X may be 
constructed by 'gluing from pieces' as follows. Assume that G acts on X and n: X ^ 
y is a morphism of varieties that is constant on G-orbits. If Y has an open affine 
cover Y = [j^Va such that Tr^^{Va) is affine and Va is the categorical quotient 
(that is, 7r|^-i(y^) : Tr~^{Va) — > Va is the morphism dual to the inclusion of algebras 
C[n-^{Va)]^ C[n-^{Va)]), then Y is the categorical quotient X//G. 

Example 6.4. Let act on \ {0} diagonally, where = Spec(C[2;o, zi]). 
We have an open afSne cover \ {0} = UoUUi, where 

C/o = \ {zo = 0} = X C = Spec(C[z±\ zi]), 
C/i = \ {zi = 0} = C X = Spec(C[zo, z±^]), 
C/o n C/i = \ {zozi = 0} = X = Spec(C[z^\ zf^]). 

The algebras of -invariant functions are 

C[zo±\zi]C'= C[zi/zo], C[zo,z±T'= C[zo/zi], C[z^\ z^^^' ^ C[{z,/ zo)^']. 

It follows that Vi = Ui/fC' = C glue together along n Vi = (C/q n [/i)//C^ = C^' 
in the standard way to produce CP^. We have that all -orbits are closed in 
\ {0}, hence CP^ = (C^ \ {0})/C is the geometric quotient. 
Similarly, CP" = (C"'^^ \ {0})/C^ is the geometric quotient for the diagonal 
action of C^. 

Example 6.5. Now we let act on \ {0} by A • (zo,zi) = (Azo,A~^zi). 
Using the same affine cover of \ {0} as in the previous example, we obtain the 
following algebras of -invariant functions: 

C[z^\zir= CM, C[zo,z±T'= C[zoZi], C[z^\ztT= C[(zoZi)±i]. 

This times gluing together = Ui/fC = C along Vb n V^i = {Uq D C/i)//C^ = 
gives the space obtained from two copies of C by identifying all nonzero points. This 
space is not Hausdorff (the two zeros do not have nonintersecting neighbourhoods 
in the usual topology), and therefore it cannot be a categorical quotient, because 
algebraic varieties are Hausdorff spaces in the usual topology. 

A toric variety Vj: will be described as the categorical (or in good cases, geo- 
metric) quotient of the 'total space' U (S) by an action of a commutative algebraic 
group G. We now proceed to describe G and U{T,). 
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6.4. Quotient construction of toric varieties. Following the algebraic tra- 
dition, we use the coordinate-free notation here. We fix a lattice TV of rank n, and 
denote by iVn its ambient n-dimensional real vector space N ®z M = M". We also 
define the algebraic torus C]^ = (g)z C ^ )". 

Let S be a rational fan in A'r with m edges generated by primitive vec- 
tors ai, . . . , a„i of N . We shall assume that the linear span of Oi, . . . , a„j is the 
whole Nfi. 

We consider the map of lattices A : 17^ — > N sending the ith basis vector of Z™ 
to ai G N . The corresponding map of algebraic tori, 

is surjective. We shall denote this map by exp A. 

Define the group G = Gs as the kernel of the map exp A. We therefore have 
an exact sequence of abelian algebraic groups 

(6.1) 1 G — ^ {Cf 1. 
Explicitly, G is given by 

m 

(6.2) G= {(zi,...,z„) G (C^)™: = 1 for aU m e TV*}. 

1=1 

The group G is isomorphic to a product of (cx)™-" and a finite abelian group. If 
S is a regular fan with at least one n-dimensional cone, then G = (C^)™~". 

Given a cone ct e S, set g{<T) = {ii, . . . , ik\ C [m] if tr is spanned by a^^ . . . , a^^ . 
We define the simplicial complex /Cs generated by all subsets g{a) C [m]: 

/Cs = {/: / C g{a) for some a € E}. 

If E is a simplicial fan, then each / C is g{T) for some r € E, and we obtain 
the 'underlying complex' of E defined in the beginning of this section. If E is the 
normal fan of a non-simple polytope P (i.e. the fan over the faces of the polar 
polytope P*), then /Cs is obtained by replacing each face of dP* by a simplex with 
the same set of vertices. 

Now we define the ?7(E) as the complement of an arrangement of coordinate 
subspaces in C" determined by /Cs: 

(6.3) t/(E) = C™\ U {zeC™:z,, ^---^z,, =0}. 

{ii,...,ifc}^A:E 

We observe that the subset i7(E) C C" depends only on the combinatorial 
structure of the fan E, while the subgroup G C (C^)™ depends on the geometric 
data, namely, the primitive generators of one-dimensional cones. 

Since C/(E) C C™ is invariant under the coordinatewise action of (C^)™, we 
obtain a G-action on [/(E) by restriction. 

Theorem 6.6 (Cox |18i Theorem 2.1]). Assume that the linear span of one- 
dimensional cones ofTj is the whole space iVR. 

(a) The toric variety *s naturally isomorphic to the categorical quotient U{T,)//G. 

(b) Vs is the geometric quotient U(T,)/G if and only if the fan E is simplicial. 

The torus acting on Vj: = U{Y.)//G is the quotient torus C]^ = (C^)™/G. 
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Proposition 6.7. 

(a) IfT, is a simplicial fan, then the G-action on [/(S) is almost free; 

(b) // E is regular, then the G-action on [/(S) is free. 

Proof. The stabiliser of a point z e C™ under the action of (C^)™ is 
(C^ r(^) = {(ti, . . . , t™) e (C^ r : = 1 if ^ 0}, 

where uj{z) be the set of zero coordinates of z. The stabihser of z under the G- 
action is Gz = (C^)'^(^) nG. Since G is the kernel of the map expA: (C^)™ 
induced by the map of lattices Z™ N, the subgroup Gz is the kernel of the 
composite map 

(6.4) (C^ )"("^ ^{CT 'Cn- 

This homomorphism of tori is induced by the map of lattices Z'^'^^^ — > Z™ — > N, 
where Z'^^^^ — > Z™ is the inclusion of a coordinate sublattice. 

Now let S be a simplicial fan and z e U{Y,). Then uj{z) = g{a) for a cone a G E. 
Therefore, the set of primitive generators {a,;: i £ w(z)} is linearly independent. 
Hence, the map Z"*^^' — )■ Z™ — )■ taking to is a monomorphism, which 
implies that the kernel of (I6.4p is a finite group. 

If the fan E is regular, then {ai: i G w(z)} is a part of basis of N. In this 
case (|6.4p is a monomorphism and Gz = {!}. □ 

The relationship between the algebraic quotient construction of Vs and the 
symplectic reduction construction of Vp (described in the previous section), is as 
follows. Let P be a Delzant polytope given by (|2.ip . Then the Delzant condition 
means exactly that the normal fan Ep is regular. The tori in the exact sequence (|5.4p 
are maximal compact subgroups in the algebraic tori of (|6.ip . Also, it follows from 
Proposition 13.21 that the level set iij}{rb) (the moment-angle manifold Zp) is 
contained in t/(Ep). 

Theorem 6.8. Let P he a Delzant polytope with the normal fan Ep. Let Vp he 
the corresponding Hamiltonian toric manifold, and Vsj, the corresponding nonsin- 
gular projective toric variety. The inclusion Zp C [/(Ep) induces a diffeomorphism 

Vp = Zp/Tp A [/(Ep)/G = V^^. 

Therefore, any nonsingular projective toric variety can be obtained as the symplectic 
quotient of <C"^ by an action of an (m — n) -torus. 

A proof can be found in [3, Proposition VI. 3. 1.1] or in [335 Appendix 2]; we 
shall also give a proof of a more general statement in Section [TOl 

Remark. Projective embeddings of V^p correspond to lattice Delzant poly- 
topes P, i.e. Delzant polytopes with vertices in the lattice N. Any such embedding 
defines a symplectic structure on V-^p by inducing the symplectic form from the 
projective space. It can be shown |33[ Appendix 2] that the diffeomorphism of The- 
orem 16.81 above preserves the cohomology class of the symplectic form, or equiva- 
lently, the two symplectic structures are Tjv-equivariantly symplectoniorphic. 

Example 6.9. Let V^ be the affine toric variety corresponding to an n- 
dimensional simplicial cone a. We may write V^ = Vs where E is the simplicial 
fan consisting of all faces of a. Then m = n, ?7(E) — C", and A: Z" — > is the 
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moiiomorphism onto the full rank sublattice generated by ai, . . . , a„. Therefore, G 
is a finite group and \4- = C"/G = Spec C [21, . . . , Zn]*^. 

In particular, if we consider the cone a generated by 2ei — 62 and 62 in M^, 
then G is Z2 embedded as {(1, 1), (— 1, — 1)} in (C^)^. The quotient construction 
realises the quadratic cone 

Va = Spec C[zi, Z2\^ = Spec C[z\, ziZ2, — {(u, v,w) ^ : — uw} 

as a quotient of €? by Z2. 

Example 6.10. Let S be the complete fan in with the three maximal cones: 
(Jo = R^(ei, 62), CTi = K^(e2, — ei — 62), and 0-2 = Ci — 62, ei). Then /Cs is 

the boundary of a triangle, so the only non-simplex is {1, 2, 3}. Hence, 

C/(S) = \ {zi = Z2 = 23 = 0} = \ {0} 

The subgroup G defined by (|6.2p is the diagonal in (C^)"^. We therefore obtain 
Ve — U{Y.)/G = CP^. Since S is the normal fan of the standard 2-simplex, this 
agrees with the symplectic quotient Vp ~ Zp/Tp of Example 15.71 

Example 6.11. Consider the fan E in with three one-dimensional cones 
generated by the vectors ei, 62 and —61 — 62. This fan is not complete, but its one- 
dimensional cones span M^, so we may apply Theorem 16.61 The simplicial complex 
/Cs consists of 3 disjoint points. The space C/(S) is the complement to 3 coordinate 
lines in C'^: 

C/(S) = C3\({zi = Z2 = 0} U {zi = Z3 = 0} U {Z2 = z:i = 0}) 

The group G is the diagonal in (C^)"^. Hence Vs = U{Yj)/G is a quasiprojective 
variety obtained by removing three points from CP^. 

7. Moment-angle complexes and polyhedral products 

For any simple polytope P = P(^, h) given by (|2.1|l . we defined the moment- 
angle manifold Zp = ZA,b from diagram (|3.ip . or, equivalently, as the intersection 
of quadrics given by p.2p . Here, using a combinatorial decomposition of P into 
cubes, we represent Zp as a union of products (D^Y x (5'i)["''l\-f of discs and circles 
parametrised by simplices I in the associated simplicial complex fCp = dP* . This 
construction may be generalised to arbitrary simplicial complexes /C, leading to the 
notion of a moment- angle complex Z^.. We follow [13j (and more detailed treatment 
given in |14| ) in our description of moment-angle complexes. 

The basic building block in the 'moment-angle' decomposition of Zjq is the 
pair (P*^, S"^) of a unit disc and circle, and the whole construction can be extended 
naturally to arbitrary pairs of spaces [X,A). The resulting complex {X^Af' is 
now known as the 'polyhedral product space' over a simplicial complex /C; this 
terminology was suggested by William Browder, cf. [4]. Many spaces important for 
toric topology admit polyhedral product decompositions. 

The construction of the moment-angle complex Z^^ and its generalisation 
iX^A)^ is of truly universal nature, and has remarkable functorial properties. The 
most basic of these is that the construction of Z^; establishes a functor from sim- 
plicial complexes and simplicial maps to spaces with torus actions and equivariant 
maps. If /C is a triangulated sphere, then Z^, is a manifold, and most important 
geometric examples of Z}z. arise in this way. 
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Another important aspect of the theory of moment-angle complexes is their 
connection to coordinate subspace arrangements and their complements. These 
have appeared as the 'total spaces' U(T,) in the algebraic quotient construction of 
toric varieties, reviewed in the previous section. Subspace arrangements and their 
complements have also played an important role in singularity theory, and, more 
recently, in the theory of linkages and robotic motion planning. Arrangements of 
coordinate subspaces in C" correspond bijectively to simplicial complexes /C on 
the set [m] , and the complement of such an arrangement is homotopy equivalent to 
the corresponding moment- angle complex Zjc (see |13[ Theorem 5.2.5] and Theo- 
rem 17.121 below) . 

7.1. Cubical decompositions. 

Construction 7.1 (cubical subdivision of a simple polytope). Let P be a 
simple n-polytope with m facets Fi, . . . , Fm- We shall construct of a piecewise 
linear embedding of P into the standard unit cube I™ C M™, thereby inducing a 
cubical subdivision C{P) of P by the preimages of faces of I™. 

Denote by S the set of barycentres of all faces of P, including the vertices and 
the barycentre of the whole polytope. This will be the vertex set of C{P). Every 
(n — /c)-face G of P is an intersection of k facets: G = Fi^ n • • • n Pj^. . We map the 
barycentre of G to the vertex (ei, . . . , e,„) e I™, where = if i £ {ii, . . . , u-} 
and £i = 1 otherwise. The resulting map 5 — ?> I™ can be extended linearly on the 
simplices of the barycentric subdivision of P to an embedding cp: P I™. The 
case n = 2, m = 3 is shown in Fig. 17.11 




Figure 7.1. Embedding cp : P 1™ for n = 2, m = 3. 

Any face of I™ has the form 

Cjci = {{yi, . . . , y™) e I" : t/j = for j e J, = 1 for j ^ /} 
where J C / is a pair of of embedded (possibly empty) subsets of [to] . We also set 

Ci = C^ci = {(2/1, . . . , 2/m) e I" : % = 1 for j i /} 
to simplify the notation. 
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The image cp{P) C I™ is the union of all faces Cjc/ such that Plie/ 7^ ^• 
For such Cjci, the preimage Cp^(C,/c/) is a face of the cubical complex C{P). The 
vertex set of Cp^(Cjc/) is the subset of S consisting of barycentres of all faces 
between the faces G and H oi P, where G = Hjej ^^'^ ^ — {~\i<zi Fi- Therefore, 
faces of C{P) correspond to pairs of embedded faces G D H oi P, and we denote 
them by Cq^h- In particular, maximal (n-dimensional) faces of C(P) correspond 
to pairs G = P, H = v, where w is a vertex of P. For these maximal faces we use 
the abbreviated notation Gy ~ Cp^y. 

For every vertex v = Ei-^ H • • • H Fi^ G P with ly = {ii, . . . , i„} we have 

(7.1) cp(Gy) = C/„ = {(j/i, . . . , y™) e I" : t/j = 1 whenever v^Fj}. 
We therefore obtain: 

Proposition 7.2. A simple polytope P with m facets admits a cubical decom- 
position whose m,axim,al faces Gy correspond to the vertices v € P. The resulting 
cubical complex C{P) embeds canonically into F", as described by (|7.ip . 

7.2. Moment-angle complexes. The map fj,: C™ — ?> M™ (see Example 15. ip 
identifies the unit cube I™ C M™ with the quotient of the unit polydisc 

B" = {(2i,...,^m)eC™: 

by the coordinatewise action of T™ . 

Now we define the space Zp from a diagram similar to (j3.ip (which was used 
to define Zp — Z^^b), in which the bottom map is replaced by cp : P -> I™: 

Zp > D" 

P > I™ 

Proposition 7.3. The space Zp is T"^ -equivariantly homeomorphic to the 
moment- angle manifold Zp. 

Proof. As we have seen in Proposition 14.21 Zp is T™-homeomorphic to the 
identification space 

PxT'"/- where (a;, ti) - (x, ^2) if tr^*2eT^". 
By restricting (liT^ to D™ C C" we obtain that 

D" = I'" X T"V- where (y, ti) - (y, fz) if <r^<2 € T"^''). 

As in the proof of Proposition 14. 2[ Zp is identified with cp{P) x T™/^ . A point 
a; € P is mapped by cp to y g I™ with /a; = <^(y) = {« G [m] : a; G P^}. We 
therefore obtain that both Zp and Zp are T™-homeomorphic to P x T™/~ . □ 

We shall therefore not distinguish between the spaces Zp and Zp\ and think of 
the maps iz and iz of diagrams p.ip and (|7.2p as different embedding of the same 
manifold Zp in C" (the first one is smooth, and the second one is not). 



28 



TARAS PANOV 



Given a vertex v = Fi^ n • • • n Fi^^ G P, we consider the restriction of the map 

Iz- Zp ^ D™ to the subset C„ x T™/- C P x T™/- = Zp: 

Izia X T"V^ ) = cp(C„) X T"/^ = C/„ X T"/^ = f^-\CjJ 

= {(^1, . . . , z™) e : |z,f = 1 for t- ^ F,}. 

Since P = [jyCv, we obtain that 

V 

Note that H^^(Ci^) is a product of |/^,| = n discs and m — n circles. Since /i~^(C/)n 
/i^^(Cj) = /^^^(C/nj) for any I,J<Z [m], we can rewrite the union above as 

(7.3) ~iz{Zp)= U M"'(C/), 
where 

JCp = {/ = {n,...,zfe} c [m]: F,,n---nF,^^ 0} 

is the boundary simpHcial complex of the polar polytope P*. 

The decomposition (|7.3p of Zp into a union of products of discs and circles can 
now be generalised to an arbitrary simplicial complex: 

Definition 7.4. Let /C be a simplicial complex on the set [m]. We always 
assume that S /C. The moment- angle complex corresponding to K. is defined as 

(7.4) Z^^IJBi, 

leic 

where 

Bi = fi-\Ci) = {(zi, . . . , zrn) G B"' : |z,f = 1 for j^l}, 

and the union in ()7.4p is understood as the union of subsets inside the polydisc D™. 
Topologically, each Bj is a product of |/| discs and m — \I\ circles S^. We 
therefore may rewrite (|7.4p as the following decomposition of Z^c into a union of 
products of discs and circles: 

(7.5) 2^^= u(n^'xn^O' 

leic iei i^i 
From now on we shall denote the space Bj by {D^, S^Y . 

We may rephrase (|7.3p by saying that the map iz : Zp — E)"* identifies the 
moment-angle manifold Zp with the moment-angle complex Z/Cp corresponding 
to ICp = dP*. 

A ghost vertex of /C is a one-element subset {i} S [to] which is not in /C (i.e. is 
not a vertex). Since facets of a simple polytope P correspond to vertices oi ICp, it 
is natural to add a ghost vertex to /Cp for each redundant inequality in a generic 
presentation (|2.1I) . 

Example 7.5. 

1. Let K, = A™~^ be the full simplex (a simplicial complex consisting of all 
subsets of [to]). Then Zk. = D™. 



GEOMETRIC STRUCTURES ON MOMENT-ANGLE MANIFOLDS 



29 



2. Let /C be a simplicial complex on [m], and let K,° be the complex on [m + 1] 
obtained by adding one ghost vertex o = {m + 1} to IC. Then in the decomposi- 
tion (|7.4p for Zk.o each Bj has factor in the last coordinate, and 

Zic° — Zic X . 

In the case JC — JCp this agrees with Proposition 14.31 (b) . 

In particular, if K, is the 'empty' simplicial complex on [to], consisting of the 
empty simplex only, then Z]c — ...,!) = T'" is the standard TO-torus. 

For an arbitrary K, on [m] , the moment-angle complex Zjc contains the m-torus 
T™ (corresponding to /C = 0) and is contained in the polydisc D'" (corresponding 
to /C = A"-i). 

3. Let JC be the complex consisting of two disjoint points. Then 

= {D'' X S^) U [S^ X ^ 5(^2 ^ ^2) ^ ^3^ 

the standard decomposition of a 3-sphere into the union of two solid tori. 

4. More generally, if /C = 9A™^^ (the boundary of a simplex), then 

= (i:>2 X • • • X i:>2 X 5-1) u (i:»2 X . . . X X i:>2) u • • • u (S'l X • • • X X 
= a((i:i2)™) 9^ 52"-!. 

5. Let /C = j^l I3 , the boundary of a 4-gon. Then we have four maximal 

simplices {1,3}, {2,3}, {1,4} and {2,4}, and 

Zyc = {D^ xS^ xD^ X S^) U (S^ xD^ xD^ X S^) 

U X xS'^ X D^) U {S^ xD^ xS^ X D^) 

= {{D^ X S^) U (S^ X D^)) xD^ xS^U {{D^ x S^) U {S^ x D^)) x x 

= {{D^ X S^) U [S^ X D^)) X {{D^ X S') U (5^ x D^)) ^ 5^ x 

The last example can be generalised as follows. Recall that the join of simplicial 
complexes /Ci and /C2 be on sets Vi and V2 respectively is the simplicial complex 

/Ci * /C2 = {/ c Vi u V2 : / = /i u I2, /i e /Ci, /2 e IC2} 

on the set Vi U V2. 

Proposition 7.6. We have Zjci*ic2 = ^ici x 2^:2- 
Proof. Indeed, 

^ ( U {D\sy^) X ( U {D\S'Y^)^Z^,xZ^^. □ 

Corollary 7.7. LetP andQ be two simple polytopes. Then Zp^Q = ZpxZg. 

Proof. Indeed, ICpxq = ICp * ICq. □ 

Since ZjCp = Zp, the moment-angle complex corresponding to the boundary of 
a simplicial polytope is a manifold. This is also true for the moment-angle manifold 
complex corresponding to any triangulated sphere (although not any triangulation 
of a sphere is a boundary of a simphcial polytope, see e.g. [14| §2.3]): 
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Theorem 7.8 ([14, Lemma 6.13]). Let K. be a triangulation of S" ^ with m 
vertices. Then Z)c is a (closed) topological manifold of dimension m + n. 

As we shall see in the next section, moment-angle complexes corresponding to 
complete simplicial fans are smooth manifolds. In general, it is not known whether 
a smooth structure exists on moment-angle manifolds corresponding to arbitrary 
triangulated spheres. 

The topological structure of moment-angle complexes Z/c is quite complicated 
in general. The cohomology ring of Zjc was described in [13, §4.2] (with field coeffi- 
cients) and in |6] and |28| (with integer coefficients). It is known [31j that if K, is the 
/c-dimensional skeleton of the simplex A™~^ (for any k, m), then the corresponding 
moment-angle complex Zjc is homotopy equivalent to a wedge of spheres. Also, it 
is known that if P is obtained from a simplex by iteratively truncating vertices by 
hyperplanes (so that the polar polytope P* is stacked), then Zp is diffeomorphic to 
a connected sum of sphere products, with two spheres in each product (this result 
is due to McGavran, cf. [101 Theorem 6.3], see also |30| ). Finding more series of 
polytopes or simplicial complexes for which the topology of Zjc can be described ex- 
plicitly is a challenging task. Lots of nontrivial topological phenomena occur already 
in the cohomology of Z/c- For instance, moment-angle manifolds are generally not 
formal (in the sense of rational homotopy theory); first examples of Zp with non- 
trivial Massey products in cohomology appear already for 3-dimensional polytopes 
P, see [g. 

7.3. Polyhedral products. Decomposition (|7.5p of Zjc which uses the disc 
and circle {D^, S^) is readily generalised to arbitrary pairs of spaces: 

Construction 7.9 (polyhedral product). Let /C be a simplicial complex on [to] 
and let 

(X,A) = {(Xi,Ai),...,(X„,A„,)} 
be a set of to pairs of spaces, Ai C Xi. For each simplex I G K, we set 

m 

(7.6) {X,Ay ^{{xi,...,x^)eY[x^: x,eA, for i ^ /} 

1=1 

and define the polyhedral product of (X, A) corresponding to /C by 

{x,A)^= u(^,^/= u(n^'><n^«)- 

leK leic iei i0 

In the case when all the pairs (Xi,Ai) are the same, i.e. Xi = X and Ai = A 
for i = 1, . . . , TO, we use the notation (X, Af~ for (X, Af~ . 

Example 7.10. 

1. The moment-angle complex Ztc is the polyhedral product {D'^,S^)'^ (when 
considered abstractly) or (D, §)'*" (when viewed as a subcomplex in B™). 

2. The cubical subcomplex cp{P) C I™ of Construction 17. ll is given by 

cp(F) = (I,l)'=-, 

where I = [0,1] is the unit interval and 1 is its endpoint. For general /C, the poly- 
hedral product (1, 1)'^ is a cubical subcomplex in I™, which can be identified with 
the quotient of Z)q by the action of T'". It is homeomorphic to the cone over /C, 
see [II Proposition 4.10]. We denote cc(/C) = (1, 1)'^. 
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3. If /C consists of m disjoint points and Ai = pt (a point), then 

is the wedge (or bouquet) of the Xj's. 

Remark. The decomposition of Zjc into a union of products of discs and circles 
appeared in |13| . were the term 'moment-angle complex' for Z/c — (D^,S^)^ was 
also introduced. Several other examples of polyhedral products {X,A)'^ (including 
those from Example I7.10|) were also considered in |13| . The definition of {X,A)^ 
for an arbitrary pair of spaces (X, A) was suggested to the authors by N. Strickland 
(in a private communication, and also in an unpublished note) as a general frame- 
work for the constructions of |13j : it was also included in the final version of |13j 
and in [14j. Further generalisations of {X, A)'^ to a set of pairs of spaces (X, ^4) 
were studied in the work of Grbic and Theriault |31| . as well as Bahri, Bendersky, 
Cohen and Gitler |4], where the term 'polyhedral product' was introduced (follow- 
ing a suggestion of W. Browder). Since 2000, the terms 'generalised moment-angle 
complex', '/C-product' and 'partial product space' have been also used to refer to 
the spaces {X,A)^. 

7.4. Complements of coordinate subspace arrangements, revisited. 

These provide another important class of examples of polyhedral products. We 
can define the complement to a set of coordinate subspaces similar to (|6.3p for an 
arbitrary simplicial complex /C: 

(7.7) [/(/C)=C"\ U {zeC^:z,,=--- = z,,^Q}. 

{ii,....ik}flC 

It is easy to see that the complement to any set of coordinate subspaces in C™ 
has the form U{IC) for some simplicial complex /C on [m]. If the arrangement of 
coordinate planes contains a hyperplane Zj — 0, then {i} is a ghost vertex of the 
corresponding simplicial complex K.. 

Proposition 7.11. C/(/C) = (C, C^)'^. 

Proof. Given / = {ii, . . . ,ife}, denote Lj — {z e C™ : 2;^^ = • • • = z^^ = O}. 
For z = (zi, . . . , Zm) e C™, we denoted w(z) — {i G [m] : z^ = 0} C [m]. We have 

U{IC) = C" \ U = C™ \ y {z : u;(z) D /} = C" \ |J {z : uj{z) = /} 

= |J{z:c.(z) = /}= |J{z:c.(z)c/}= |J (C, )^ = (C, €>< )'=. □ 

leK. leIC l£K 

Since each coordinate subspace is invariant under the standard action of T™ 
on C"\ the complement U{IC) is also a T^-invariant subset in C™. 

Recall that a deformation retraction of a space X onto a subspace ^ is a 
continuous family of maps (a homotopy) Ft: X ^ X , t £ I, such that Fq — id (the 
identity map), Fi{X) = A and Ft\A — id for all t. Often the term 'deformation 
retraction' refers only to the last map / = Fi : X — > A in the family. This map is 
a homotopy equivalence. 

Theorem 7.12 ([14j). The moment-angle complex Zjc is a T"^ -invariant sub- 
space ofU{IC), and there is a T"^-equivariant deformation retraction 

Z^ ^ U{}C) z^. 
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Proof. Since D C C and § C C^, we have Zk. = (D,S)'^ C (C,C^)'= = J7(/C), 
and the subset Zk. C U{K,) is obviously T™-invariant. 

Any simplicial complex /C can be obtained from A™~^ by subsequent removal 
of maximal simplices (so that we get a simplicial complex at each intermediate 
step), and we shall construct the deformation retraction U{K,) — > Zx, by induction. 

The base of induction is clear: if /C = A™-\ then [/(/C) C"\ Zk. = and 
the retraction C™ — D™ is evident. 

The orbit space Z^c/T™ is the cubical complex cc(/C) = (1,1)'^ (see Exam- 
ple [71012). The orbit space [/(/C)/T™ can be identified with 

U{1C)^ = U{JC)r\W^ = (R5,,R>)'= 

where K> is viewed subset in C™. 

We shall first construct a deformation retraction r: C/(/C)j. ^ cc(/C) of orbit 
spaces, and then cover it by a deformation retraction r : [/(/C) — > Zk;. 

Now assume that K, is obtained from a simplicial complex K,' by removing one 
maximal simplex J — {ji, . . . ,jk\, i-e. /CU J — K.' . Then the cubical complex cc(/C') 
is obtained from cc(/C) by adding a single /c-dimensional face Cj = (I, I)'''. We also 
have C/(/C) = U{}C') \ Lj, so that 

U{JCh = U{JC% \ {y : y,, = . . . = y,^ = 0}. 

We may assume by induction that there is a deformation retraction r': U{K.')^ — >■ 
cc(/C') such that uj{r'{y)) ~ uj{y), where w(y) is the set of zero coordinates of y. 
In particular, r' restricts to a deformation retraction 

r' : U{IC% \{y:y,,^--- = y,, = 0} cc(/C')\ yj 

where y j is the point with coordinates Vj-i = ■ ■ ■ = yj^. = and yj = 1 for j ^ J. 

Since J ^ /C, we have j/j ^ cc(/C). On the other hand, j/j belongs to the extra 
face Cj — (1, 1)'^ of cc(/C'). We therefore may apply the deformation retraction rj 
shown in Fig. 17.21 on the face Cj, with centre at yj. In coordinates, a homotopy Ft 




Figure 7.2. Retraction rj: cc(/C')\ yj — > cc(/C). 

between the identity map cc(/C')\ ?/; — > cc(/C')\ j/j (for t = 0) and the retraction 
rj : cc(/C')\ yj — > cc(/C) (for t = 1) is given by 

: cc(/C')\ ^ cc(/C')\ yj, 
iVi, ■ ■ ■ ,ym,t) I — ^ (yi +taiyi,...,y„i + ta„^y„i) 



GEOMETRIC STRUCTURES ON MOMENT-ANGLE MANIFOLDS 



33 



where 

{ l-maxjgj Vj if i ^ J 
■^^''o'^-'yo ' ' for 1 ==: i s; m. 

0, liii J, 

We observe that uj{Ft{y)) — uj{y) for any t and y G cc(/C'). Now, the composition 

(7.8) r: U{K)^ = U{JC%\ {y:y^^=...= y^^ = 0} A cc(/C')\ yj ^ cc(/C) 

is a deformation retraction, and it satisfies uj(r{y)) = uj{y) as this is true for rj 
and r' . The inductive step is now complete. The required retraction r: U{IC) — > Z/c 
covers r as shown in the following commutative diagram: 

Zk^ ^ C/(/C) -^-^ Zk 



cc(/C)C ^ C/^ (/C) -^—^ cc(/C) 

Explicitly, f is decomposed inductively in a way similar to (|7.8p , 

r: UiK) = U{K.')\Lj A Z^,\^i-\yj) ^ Z^,, 
where ^~^{y j) = Hjeji^} ^ Yij^ j ^^^'^ given in coordinates (zi, . . . , z,„) 



{^€^'^^...,^6''^^) by 

with Qfi as above. □ 

As we shall see in Section [9l in the case when JC = /Ce is the underlying 
complex of a complete simplicial fan E, the deformation retraction U{IC) — > Zjc 
can be realised as the quotient map for an action of M™"" on U{JC). 

In the remaining sections we shall concentrate on the geometric aspects of 
the theory of moment-angle complexes, and moment-angle manifolds corresponding 
to polytopes and complete simplicial fans will be our main objects of interest. 
Nevertheless, the homotopy theory of general moment-angle complexes has now 
gained its own momentum, and we refer to [141 Ch. 6], [23], |31) . |53) and [4] for 
the main stages of its development. 

8. LVM-manifolds 



Bosio and Meersseman |10| identified polytopal moment-angle manifolds Zp 
with a class of non-Kahler complex-analytic manifolds introduced in the works 
of Lopez de Medrano, Verjovsky and Meersseman (LVM-manifolds). This was the 
starting point in the subsequent study of the complex geometry of moment-angle 
manifolds. We review the construction of LVM-manifolds and its connection to 
polytopal moment-angle manifolds here. 

The initial data of the construction of an LVM-manifold is a link of a homoge- 
neous system of quadrics similar to (j4.2l) . but with complex coefHcients: 



.1) C = 



zee™: Er=ik^P = 1- 



where Cfe g . We can obviously turn this link into the form (|4.2p by identifying C 
with M^** in the standard way, so that each (^k turns to Qj. € M™"""^ with n — m- 
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2s — 1. We assume that the hnk is nondegenerate, i.e. the system of complex vectors 
(Ci, • • . , Cm) (oi' the corresponding system of real vectors {g^, . . . , 3„J) satisfies the 
conditions (a) and (b) of Proposition 14.61 

Now define the manifold Af as the projectivisation of the intersection of homo- 
geneous quadrics in (|8.1|) : 

(8.2) AA= e CP"'-i: Ci|2iP + --- + Cmkm|' = 0}, aeC^ 

We therefore have a principal S*^ -bundle C Af. 

Theorem 8.1 (Meersseman [43j). The manifold Af has a holomorphic atlas 
describing it as a compact complex manifold of complex dimension m — 1 — s. 

Sketch of proof. Consider a holomorphic action of C on C™ given by 

C X C" — > C" 

^^■^^ (^,^).^(zie<^--\...,z„e<^'"-)), 

where w = {wi, . . . ,Ws) € C^ and (Cfe, w) = CikWi -\ h CskWs- 

Let JC be the simplicial complex consisting of zero-sets of points of the link C: 

K. = {uj{z): z e £}. 

Observe that K. = JCp, where P is the simple polytope associated with the link C. 
Let U — U (/C) be the corresponding subspace arrangement complement given 
by (|7.7p . Note that Proposition 12.101 implies that U can be also defined as 

U ^ {{z,,...,z^) e C" : e conv(g : + 0)}. 

An argument similar to that of the proof of Lemma 15.41 shows that the restric- 
tion of the action (|8.3p to C/ C C™ is free. Also, this restricted action is proper (we 
shall prove this in more general context in Theorem 110.31 below) , so the quotient 
[//C^ is Hausdorff. Using a holomorphic atlas transverse to the orbits of the free 
action of on the complex manifold U we obtain that the quotient U /C has a 
structure of a complex manifold. 

On the other hand, it can be shown that the function |zip -I- • • • + |z„ip on C™ 
has a unique minimum when restricted to an orbit of the free action of C on V . 
The set of these minima can be described as 

r = e C™ \{0} : Cl|2lP + • • • + CmkmP = 0}. 

It follows that the quotient [/ /C* can be identified with T, and therefore T acquires 
a structure of a complex manifold of dimension to — s. 

By projectivising the construction we identify M with the quotient of a comple- 
ment of coordinate subspace arrangement in CP™"^ (the projectivisation of U) by a 
holomorphic action of . In this way A! becomes a compact complex manifold. □ 

The manifold M with the complex structure of Theorem 18.11 is referred to 
as an LVM-manifold. These manifolds were described by Meersseman |43| as a 
generalisation of the construction of Lopez de Medrano and Verjovsky |41) . 

Remark. The embedding of T in C" and of TV in CP""i given by (g^ is 
not holomorphic. 

A polytopal moment-angle manifold Zp is diffeomorphic to a link (|4.2p . which 
can be turned into a complex link (|8.1|) whenever to -f n is odd. It follows that 
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the quotient Zp / of an odd-dimensional moment-angle manifold has a complex- 
analytic structure as an LVM-manifold. By adding redundant inequalities and using 
the 5'^-bundle C — A/", Bosio-Meersseman observed that Zp or Zp x has a 
structure of an LVM-manifold, depending on whether m -I- n is even or odd. 

We first summarise the effects that a redundant inequality in (|2.ip has on 
different spaces appeared above: 



Proposition 8.2. Assume that (|2.ip is a generic presentation. The following 
conditions are equivalent: 

(a) [oi^x) -\- bi ^ Q is a redundant inequality in (|2.ip (i.e. Fi — 0); 

(b) ZpC{zeC™:z, ^0}; 

(c) {i} is a ghost vertex of ICp; 

(d) U{lCp) has a factor on the ith coordinate; 

(e) i conv(3fe: k^i). 

Proof. The equivalence of the first four conditions follows directly from the 
definitions. The equivalence (a)<S=>(e) follows from Proposition 12. 101 □ 

Theorem 8.3 (llOj). Let Zp be the moment angle manifold corresponding to 
an n-dimensional simple polytope (|2.ip defined by m inequalities. 

(a) If m + n is even then Zp has a complex structure as an LVM-manifold. 

(b) Ifm + n is odd then Zp x has a complex structure as an LVM-manifold. 

Proof, (a) We add one redundant inequality of the form 1 ^ to (|2.ip . 
and denote the resulting manifold of p.ip by Zp. We have Zp = Zp x S^. By 
Proposition 14.51 2p is diffeomorphic to a link given by (|4.2p . Then Zp is given by 
the intersection of quadrics 

zeC"+i: |2i|2 + ... + =1, 

+ ••• + ffmkmP =0, 

= 1, 

which is diffeomorphic to the link given by 

zeC"+i: |zi|2 + ... + + |z,„+i|2 = l, 

9l\zi? + ■■■ + 9m\Zm? =0, 

Nip + ••• + - |z™+i|2==0. 

If we denote by F* = [qi . . . g^) the (m — n — 1) x m-matrix of coefficients of the 
homogeneous quadrics for Zp, then the corresponding matrix for Z'p is 



9i ■■■ 9m 

1 ... 1 -1 



Its height m — n is even, so that we may think of its ith column as a complex vector 
Ci (by identifying R™~" with C~2— )^ for i = 1, . . . , to -f 1. Now define 

(8.4) Af' = {ze CP": CikiP + • • • + Cm+ikm+iP = 0}. 

Then Af' has a complex structure as an LVM-manifold by Theorem 18.11 On the 
other hand, 

Af' = Z'p/S^ = {Zp X S^)/S^ ^ Zp, 
so that Zp also acquires a complex structure. 
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(b) The proof here is similar, but we have to add two redundant inequahties 
1 ^ to Then Z'p = Zp x x S'^ is given by 

= 0, 

Nm+lP =0, 

The matrix of coefficients of the homogeneous quadrics is therefore 

(dl ■■■ 9m 

r*' = \ 1 ■■■ 1 -1 

\i ■■■ 1 -1 
We think of its columns as a set of m + 2 complex vectors (i, . . . , Cm+2 , and define 

(8.5) J\f'={ze CP'"+1 : ClklP + • • • + U+2\Zrn+2\^ = O}. 

Then J\f' has a complex structure as an LVM-manifold. On the other hand, 

J\f' ^ Z'p/S^ = {Zp xS^ X S^)/S^ ^Zpx S\ 
and therefore Zp x has a complex structure. □ 

In the next two sections we describe a more direct method of endowing Zp 
with a complex structure, without referring to projectivised quadrics and LVM- 
nianifolds. This approach, developed in [54j, works not only in the polytopal case, 
but also for the moment-angle manifolds Zjc corresponding to underlying complexes 
/C of complete simplicial fans. 

9. Moment-angle manifolds from simplicial fans 

Let K. = /Cs be the underlying complex of a complete simplicial fan E, and 
U(JC) the complement of the coordinate subspace arrangement (|7.7[) defined by /C. 
Here we shall identify the moment-angle manifold Z/c with the quotient of U (/C) 
by a smooth action of non-compact group isomorphic to M™^", thereby defining 
a smooth structure on Zjc- A modification of this construction will be used in the 
next section to endow Zjc with a complex structure. These results were obtained 
in the work |54| of Ustinovsky and the author. 

We recall from Subsection 16.11 that a simplicial fan S can be defined by the 
data {/C; ai, . . . , a,„}, where 

• /C is a simplicial complex on [to] ; 

• ai, . . . , Gm is a configuration of vectors in Nr = M" such that the subset 
{a; : i e /} is linearly independent for any simplex / G /C. 

Here is an important point in which our approach to fans differs from the 
standard one adopted in toric geometry: since we allow ghost vertices in /C, we do 
not require that each vector Oi spans a one-dimensional cone of E. The vector Oj 
corresponding to a ghost vertex {i} e [to] may be zero. This formalism was also 
used in [7] under the name triangulated vector configurations. 

Construction 9.1. For a set of vectors ai, . . . , a„i, consider the linear map 



z e 



\Zl\ 

9i\zi\ 
Nil 
\zi\ 



(9.1) 
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where ei, . . . , Sm is the standard basis of R™. Let 

R5'-{(yi,...,2/„0 eM™: 2/,; > 0} 
be the multiphcative group of m-tuples of positive real numbers, and define 
i? = exp(KerA) = { (e^S . . . , e^"') : {yi,...,y„,) e Ker A} 

(9 2) " 

= {(ii,...,<™)eM™: n*!"'"^ =1 for aline iV]^}. 

i=l 

We let E™ act on the complement U{IC) C C" by coordinatewise multiplica- 
tions and consider the restricted action of the subgroup R C K> . Recall that an 
action of a topological group G on a space X is proper if the group action map 
h:GxX-^XxX, (g, x) H> {gx, x) is proper (the preimage of a compact subset 
is compact). 

Theorem 9.2 ([54j). Assume given data {/C; Oi, . . . , am} satisfying the condi- 
tions above. Then 

(a) the group R given by (j9.2p acts on U{K) freely; 

(b) if the data {/C; Oi, . . . , Om} defines a simplicial fan then R acts on 
U{1C) properly, so the quotient U{1C)/R is a smooth Hausdorff {m + n)- 
dimensional manifold; 

(c) if the fan S is complete, then U{IC)/R is homeomorphic to the moment- 
angle manifold Z/c- 

Therefore, Zjc can be smoothed whenever JC = /Cs for a complete simplicial fan E. 

Proof. Statement (a) is proved in the same way as Proposition l6.7l Indeed, a 
point z Q U {JC) has a nontrivial isotropy subgroup with respect to the action of M™ 
only if some of its coordinates vanish. These M™-isotropy subgroups are of the form 
(R>, 1)^, see (|7.6p . for some I E K,. The restriction of expA to any such (K>, 1)^ is 
an injection. Therefore, R = exp(Ker A) intersects any ]R™-isotropy subgroup only 
at the unit, which implies that the i?-action on U{K.) is free. 

Let us prove (b). Consider the map 

h: Rx U{IC) U{IC) X U{IC), [g, z) ^ [gz, z), 

ioi g E R, z E U{JC). Let V C U{JC) x U{JC) be a compact subset; we need to 
show that h^^{V) is compact. Since R x U{JC) is metrisable, it suffices to check 
that any infinite sequence {{g'^^\ z'^^^) : fc = 1, 2, . . .} of points in h~^(y) contains 
a converging subsequence. Since V C U{JC) x U{JC) is compact, by passing to a 
subsequence we may assume that the sequence 

has a limit in U{]C) x U{IC). We set w^''^ = gCi')^^'"). and assume that 

W = {wi,...,Wra), {z'''^} Z ^ [zi, . . . , Z^.) 

for some w,z E U{IC). We need to show that a subsequence of {g'^'^^} has limit 
in R. We write 

5^^-) = (fff \ . . . = (e"i^ . . . ,e"S"^') E R C W^, 
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e M. By passing to a subsequence we may assume that each sequence {aj }, 
J ' = 1, . . . , m, has a finite or infinite limit (including ±cxd). Let 

/+ {j: a^^^ +(X)} C [m], /_ {j: af'^ -> -00} C [m]. 

Since the sequences {z'-''-'}, {w'-^''^ — gC^^z^'^'} are converging to z,w e U{IC) 
respectively, we have zj — for j £ and Wj — for j e /_ . Then it follows from 
the decomposition U{IC) = U/eyc('^' )^ ^'^'^ ^- ^'^^ simplices of /C. Let 

cr+, a_ be the corresponding cones of the simplicial fan S. Then (T+ n cr_ = {0} by 
definition of a fan. By Lemma 16. 1[ there exists a linear function u e such that 
(m, a) > for any nonzero a G cr_|_, and {u, a) < for any nonzero a G cr_. Since 
g^'^) G R, it follows from ([93) that 

rn 

(9.3) ^af(w,a,)=0. 

This implies that both Ij^ and /_ are empty, as otherwise the latter sum tends 
to infinity. Thus, each sequence {a^'^'} has a finite limit aj, and a subsequence 
of {g^^^} converges to (e"\ . . . , e"™). Passing to the limit in (|9.3p we obtain that 
(e"i, . . . , e"'") G i?. This proves the properness of the action. Since the Lie group 
i?(S) acts smoothly, freely and properly on the smooth manifold U{IC), the orbit 
space U{JC)/R is Hausdorff and smooth by the standard result [39' Theorem 9.16]. 

In the case of complete fan it is possible to construct a smooth atlas on U{JC) / R 
explicitly. To do this, it is convenient to pre-factorise everything by the action of 
T"* , as in the proof of Theorem 17.121 We have 

C/(/C)/r" = (]R3,,IR>)'= = y (M5,,R>)^. 

Since the fan E is complete, we may take the union above only over n-element 
simplices / = {ii, . . . , i„} G /C. Consider one such simplex /; the generators of the 
corresponding 71-dimensional cone cr G S are a^^, . . . , a^^. Let iti, . . . , ti„ denote 
the dual basis of N^, that is, (a^j., Uj) — 6kj- Now consider the map 

pi: (M^,M>)^^R| 

m m 
i=l 1=1 

where we set O'' = 1. Note that zero cannot occur with a negative exponent in the 
right hand side, hence pi is well defined as a continuous map. Each (R^,R>)-^ is 
i?-invariant, and it follows from ()9.2p that pi induces an injective map 

qi: (R^,R>)Vi?->R|. 

This map is also surjective since every (xi, . . . , Xn) G R^ is covered by {yi, . . . , ym) 
where yi^ — Xj for 1 ^ j ^ n and yk = 1 for k ^ Hence, qi is a 

homeomorphism. It is covered by a T^-equivariant homeomorphism 

qi-. (C,C'')Vi?^ C" X T™-", 

where C" is identified with the quotient R^ x T"/ - , see gT]). Since U{1C)/R is 
covered by open subsets {C,C^)^ / R, and C" x T™^" embeds as an open subset 
in R'"+", the set of homeomorphisms {gj: / G K,} provides an atlas for U{JC)/R. 
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The change of coordinates transformations qjq^ ^ : C" x T™ " — >• C" x T™ " are 
smooth by inspection; thus U{IC)/R is a smooth manifold. 

Remark. The set of homeomorphisms {qj : (M^,M>)^/i? R"} defines an 
atlas for the smooth manifold with corners Zjc /T™ .UK, — JCp for a simple polytope 
P, then this smooth structure with corners coincides with that of P. 

It remains to prove statement (c), that is, identify U{JC)/R with Z^. If X is 
a Hausdorff locally compact space with a proper G-action, and Y (Z X 'a com- 
pact subspace which intersects every G-orbit at a single point, then Y is homeo- 
morphic to the orbit space X/G. Therefore, we need to verify that each i?-orbit 
intersects Zjc C U{1C) at a single point. We first prove that the i?-orbit of any 
V € C/(/C)/T'" = (]R^,R>)'^ intersects Z^/T™ at a single point. For this we use 
the cubical decomposition cc(A^) = (1, 1)'^ of Zjc/T™ , see Example 17.101 2. 

Assume first that y £ M™ . The i?-action on M™ is obtained by exponentiating 
the linear action of Ker^ on W"\ Consider the subset (M^,0)'^ C R", where 
denotes the set of nonpositive reals. It is taken by the exponential map exp : R™ — 
R™ homeomorphically onto cc°(/C) = ((0, 1], 1)'^ C R^*, where (0, 1] is denotes the 
semi-interval {yeM: < y ^ 1}. The map 

(9.4) A: iR^,Of ~> Nr 

takes every (R^, 0)^ to —a, where cr G E is the cone corresponding to / G /C. Since 
E is complete, map (|9.4[) is one-to-one. 

The orbit of y under the action of R consists of points w e M™ such that 
exp Aw — exp Ay. Since Ay S Nt^ and map (|9.4I) is one-to-one, there is a unique 
point y' e (M^,0)'^ such that Ay' = Ay. Since exp Ay' C cc°(/C), the i?-orbit of 
y intersects the interior cc°(/C) and therefore cc(/C) at a unique point. 

Now let y G (K^,R>)'^ be an arbitrary point. Let uj{y) G K, be the set of 
zero coordinates of y, and let cr G E be the cone corresponding to oj{y). The 
cones containing <j constitute a fan St a (called the star of a) in the quotient space 
A'R/M(ai: i G uj(y)). The underlying simplicial complex of St cr is the link lka;(y) 
of uj{y) in IC. Now observe that the action of R on the set 

{(yi,---,ym) e iR^,R>f: = for i e c^(y)} = (R^,M>y'^"(^) 

coincides with the action of the group Rst a (defined by the fan St a) . Now we 
can repeat the above arguments for the complete fan St a and the action of i?st a 
on (R^,K>)"^"'^^^. As a result, we obtain that every i?-orbit intersects cc(A^) at a 
unique point. 

To finish the proof of (c) we consider the commutative diagram 

Zfz > C/(/C) 



cc(/C) > (R3,,R>)'c 

where the horizontal arrows are embeddings and the vertical ones are projections 
onto the quotients of T™-actions. Note that the projection tt commutes with the in- 
actions on U{JC) and (R^,R>)'*", and the subgroups R and of (C^)™ intersect 
trivially. It follows that every i?-orbit intersects the full preimage 7r~^(cc(/C)) = Zjc 
at a unique point. Indeed, assume that z and rz are in Zx, for some z e U{]C) and 
r Q R. Then 7r(z) and 7r(rz) = r7r(z) are in cc(/C), which implies that 7r(z) = 7r(rz). 
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Hence, z = trz for some t £ T™. We may assmne that z e (C^)™, so that the 
action of both R and T™ is free (otherwise consider the action on U{\kuj{z))). It 
foUows that tr = 1, which imphes that r = 1, since R and T™ intersect trivially. □ 

We do not know if Theorem 19.21 generalises to other sphere triangulations: 

Question 9.3. Describe the class of sphere triangulations K, for which the 
moment- angle manifold Zfc admits a smooth structure. 

Remark. Even if Zjc admits a smooth structure for some simplicial complexes 
K, not arising from fans, such a structure does not come from a quotient U{)C)/R 
determined by data {/C; ai, . . . , am}- In fact, the i?-action on U{IC) is proper and 
the quotient U{IC)/R is Hausdorff precisely when {JC; ai, . . . , a™} defines a fan, i.e. 
the simplicial cones generated by any two subsets {a^ : i e /} and {aj : j g J} with 
/, J € /C can be separated by a hyperplane. This observation is originally due to 
Bosio |9J, see also [IJ §11.3] and [7]. 

10. Complex geometry of moment-angle manifolds 

Here we show that the even-dimensional moment-angle manifold Z/c corre- 
sponding to a complete simplicial fan S admits a structure of a complex manifold. 
The idea is to replace the action of i? = K™^" on U{IC) (whose quotient is Zjc) by 
a holomorphic action of C~2~ on the same space. 

In this section we assume that m — n is even. We can always achieve this by 
adding a ghost vertex with any corresponding vector to our data {/C; Oi, . . . , am}; 
topologically this results in multiplying Zjc by a circle. We set £ = . 

We identify C™ (as a real vector space) with R^™ using the map 

{zi,...,Zm) {xi,yi,...,x 

where = + iyu^ and consider the M-hnear map 

Re: C'"^M™, (zi, . . . , z^) >^ (xi, . . . , x™). 

In order to obtain a complex structure on the quotient Zfc = U{IC)/R we 
replace the action of R by the action of a holomorphic subgroup C C (C^)™ by 
means of the following construction. 

Construction 10.1. Let ai, . . . , be a configuration of vectors that span 
Nth = R". Assume further that m — n = 21 is even. Some of the a^'s may be zero. 
Recall the map A: R™ — Nth, Bi i— a^. 

We choose a complex ^-dimensional subspace in C™ which projects isomorphi- 
cally onto the real (to — n)-dimensional subspace Kei A C R™. More precisely, let 
c = C^, and choose a linear map 'F: c C™ satisfying the two conditions: 

(a) the composite map c — C™ -'^ R™ is a monomorphism; 

(b) the composite map c C™ R™ A'k is zero. 

These two conditions are equivalent to the following: 

(a') !f(c)n^)= {0}; 

(b') Wic) C Ker(Ac: C™ ^ iVc), 
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where 'f'(c) is the complex conjugate space and Ac : C™ — > iVc is the complexifica- 
tion of the real map A: M'" N^. Consider the following commutative diagram: 



(10.1) 



(C = 



cxp J,^"^^ 



where the vertical arrows are the componentwise exponential maps, and | • | denotes 
the map (zi, . . . , z^) ^ i\zi\, . . . , \zm\)- Now set 

(10.2) = expif(c) = {(e<'^i''"\...,e<'^'-'">) G (C^)"} 

where w £ c and ^pi e c* is given by the ith coordinate projection c C™ C. 
Then Cxp = is a complex-analytic (but not algebraic) subgroup in (C^)™, and 
therefore there is a holomorphic action of on C™ and U{IC) by restriction. 

Example 10.2. Let ai, . . . , Om be the configuration of m = 2^ zero vectors. We 
supplement it by the empty simplicial complex /C on [m] (with m ghost vertices), 
so that the data {/C; ai, . . . , a^n} defines a complete fan in 0-dimensional space. 
Then A: — >■ is a zero map, and condition (b) of Construction 110. T] is void. 

Condition (a) means that c — C^*" M?^ is an isomorphism of real spaces. 

Consider the quotient (C^)'"/Ca, (note that U{IC) = {C)"' in our case). The 
exponential map C™ (C^)™ identifies (C^)" with the quotient of C™ by the 
imaginary lattice F = Z(27riei, . . . , 27riem). Condition (a) implies that the pro- 
jection p: C™ — > C™/tf'(c) is nondegenerate on the imaginary subspace of C™. In 
particular, p (F) is a lattice of rank m = 2£ in C'"/tf'(c) = C^. Therefore, 

(C^)"7C^ ^ (C^/F) /!?■(€) ^ (C'"/<P'(c))/j5 (F) = CVZ'^ 

is a complex compact ^-dimensional torus. 

Any complex torus can be obtained in this way. Indeed, let if': c ^ C™ be 

given by an 2i x ^-matrix [ j^] where / is a unit matrix and _B is a square 



matrix of size £. Then p: C™ — > C™/tf'(c) is given by the matrix (IB) in appro- 
priate bases, and (C^)'"/Cii/ is isomorphic to the quotient of by the lattice 
Z(ei, . . . , ei, bi, . . . , bg), where bk is the kth column of B. (Condition (b) implies 
that the imaginary part of B is nondegenerate.) 

For example, if = 1, then if': C — !■ C'^ is given by w i— )■ {j3w,w) for some 
;3 e C, so that subgroup (|10.2I) is 

= {(e^'",e'")} C (C^)2. 

Condition (a) implies that /? ^ M. Then cxp if: C — > (C^)^ is an embedding, and 

(C^)VCa. = C/(Z ® /3Z) = T^(/?) 

is a complex 1-dimensional torus with lattice parameter /? € C. 

Theorem 10.3 ([54j). Assume that the data {/C; ai, . . . , a,„} define a complete 
fan E in Ng^ = M", and m — n ~ 2£. Let ^ he given by (|10.2p . Then 

(a) the holomorphic action of Cqr on U{IC) is free and proper, and the quotient 
U{)C)/Cip has a structure of a compact complex manifold; 

(b) U(1C)/C^ is diffeomorphic to the moment-angle manifold Zfc- 
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Therefore, Zjc has a complex structure, in which each element of T™ acts by a 
holomorphic transformation. 

Remark. A result similar to Theorem ll0.3l was obtained by Tambour [57]. The 
approach of Tambour was somewhat different; he constructed complex structures on 
manifolds Z/c arising from rationally starshaped spheres /C (underlying complexes 
of complete rational simplicial fans) by relating them to a class of generalised LVM- 
manifolds described by Bosio in [9j. 

Proof of Theorem 110.31 We first prove statement (a). The isotropy sub- 
groups of the (C^)'"-action on U{IC) are of the form (C^ , 1)^ for I € JC. In order 
to show that Cq, C (C^)'" acts freely we need to check that Cq, has trivial inter- 
section with any isotropy subgroup of (C^)™. Since Cxp embeds into M™ by (|10.1I) . 
it enough to check that the image of Cq, in M™ intersects the image of (C^, 1)^ in 
M™ trivially. The former image is R and the latter image is (M>, 1)^; the triviality 
of their intersection follows from Theorem 19.21 (a) . 

Now we prove the properness of this action. Consider the projection tt : U{JC) — > 
(M^,]R>)'^ onto the quotient of the T'"-action, and the commutative square 

Cq, X U{JC) — ^ U{]C) X U{JC) 

i?x(M^,M>)'= > (R^,M>)'^ X (R;5,M>)'^ 

where he and /ir denote the group action maps, and / : Cq, Ris the isomorphism 
given by the restriction of | • | : (C^)™ M™. The preimage h^^{V) of a compact 
subset V e U{IC) X U{IC) is a closed subset in W ^ {f x tt)^^ o h^^ o (tt x n){V). 
The image (tt x tt){V) is compact, the action of R on (R^,R>)'^ is proper by 
Theorem 19.21 (a) , and the map / x tt is proper as the quotient projection for a 
compact group action. Hence, is a compact subset in Cqr x C/(/C), and h^^iV) 
is compact as a closed subset in W. 

The group C>p = C' acts holomorphically, freely and properly on the complex 
manifold U{K,), therefore the quotient manifold U{K,)/Cqr has a complex structure. 

As in the proof of Theorem l9.21 it is possible to describe a holomorphic atlas of 
U(lC)/Cq,. Since the action oiCq, on the quotient [/(/C)/T™ = (M^,M>)'^ coincides 
with the action of R on the same space, the quotient of U{JC)/Cq, by the action of 
T™ has exactly the same structure of a smooth manifold with corners as the quotient 
of U{JC)/R by T™ (see the proof of Theorem l9.2p . This structure is determined by 
the atlas {qr. (IR^,R>)V^ ^ RJ}, which lifts to a covering of U{JC)/Cq, by the 
open subsets {C,^)' /Cq,. For any / e /C, the subset (C,T)^ C (C,C^)^ intersects 
each orbit of the G^^-action on (C,C^)^ transversely at a single point. Therefore, 
every {C,C^)^ /Cq, = (C,T)^ acquires a structure of a complex manifold. Since 
(C,C^)^ ^ C" X (C^)™-", and the action of Cq, on the (C^)™-" factor is free, 
the complex manifold {C,C^)^ /Cq, is the total space of a holomorphic C"-bundle 
over the complex torus {C^)'^~" /Cq, (see Example 110. 2p . Writing trivialisations of 
these C"-bundles for every /, we obtain a holomorphic atlas for U{K.)/Cq,. 

The proof of statement (b) follows the lines of the proof of Theorem 19.21 (b) . 
We need to show that each Cii^-orbit intersects Zjc C U{JC) at a single point. First 
we show that the Cii^-orbit of any point in J7(/C)/T™ intersects Zjc/T™ = cc(/C) at 
a single point; this follows from the fact that the actions of C^ and R coincide on 
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C/(/C)/T™. Then we show that each C^z-orbit intersects the preimage tt ^(cc(/C)) at 
a single point, using the fact that and T™ have trivial intersection in (C^ )'". □ 

Example 10.4 (Hopf manifold). Let ai, . . . , a„+i be a set of vectors which 
span Nr = R" and satisfy a linear relation AiOi + • • • + A„+ia„_|-i = with all 
Xk > 0. Let E be the complete simplicial fan in TVk whose cones are generated by 
all proper subsets of ai, . . . , a„+i. To make m — n even we add one more ghost 
vector a„+2- Hence m = n + 2, £ = I, and we have one more linear relation 
fiiQi + ■ ■ ■ + fin+io-n+i + cin+2 ~ with ^k € K. The subspace Ker^ C M"''"^ is 
spanned by (Ai, . . . , A„+i,0) and (/ii, . . .,^l„+l, 1). 

Then /C = /Cs is the boundary of an n-dimensional simplex with n + I vertices 
and one ghost vertex, Zk: = S^"+^ x S^., and U{IC) = (C"+i \ {0}) x C^. 

Conditions (a) and (b) of Construction [TOT] imply that Cip is a 1-dimensional 
subgroup in (C^)™ given in appropriate coordinates by 

= {(e';i"',...,e'^"+i'",e"'): w G C}c (C^)™, 

where (k = l^k + OiXk for some a € C\M. By changing the basis of Ker A if necessary, 
we may assume that a = i. The moment-angle manifold Zjq = 5'^"+^ x acquires 
a complex structure as the quotient U{lC)/C<p: 

(C"+i \ {0}) X C V {(zi,...,z„-,i,t)~ {e'^'"''z,,...,e^-+'^z,,+,,e^'t)} 

- (C"+i \ {0})/ {(zi, . . . , 2„-,i)~ (e2"«^zi, . . . , e2"«"+^z„+i)}, 

where z e C"+i \ {0}, < G C^. The latter is the quotient of C"+i \ {0} by a 
diagonalisable action of Z. It is known as a Hopf manifold. For ti = we obtain the 
complex torus (elliptic curve) of Example 110.21 

Theorem 110.31 can be generalised to the quotients of Zjc by freely acting sub- 
groups H C T™, or partial quotients of Zjc in the sense of [141 §7.5]. These include 
both toric manifolds and LVM-manifolds. 

Construction 10.5. Let E be a complete simplicial fan in Nr defined by the 
data {JC; ai, . . . , Um}, and let H C be a subgroup which acts freely on the 
corresponding moment- angle manifold Zj^. Then if is a product of a torus and a 
finite group, and h = dimH ^ to — n by Proposition 16. 71 (H must intersect trivially 
with an n-dimensional coordinate subtorus in T™). Under an additional assumption 
on H, we shall define a holomorphic subgroup D in (C^)™ and introduce a complex 
structure on Zjc/H by identifying it with the quotient U{JC)/D. 

The additional assumption is the compatibility with the fan data. Recall the 
map Am : M" N^, ai, and let f) C M'" be the Lie algebra of ii C T'". We 

assume that f) C Ker Ar. We also assume that 2£ = m — n — h is even (this can be 
satisfied by adding a zero vector to Oi, . . . , Om)- Let T = T™/i? be the quotient 
torus, t its Lie algebra, and p: R™ i the map of Lie algebras corresponding to 
the quotient projection T'" T. 

Let c = C^, and choose a linear map f2: c ^ C™ satisfying the two conditions: 

(a) the composite map c C™ R™ — ^ i is a monomorphism; 

(b) the composite map c C™ R™ Nr is zero. 

Equivalently, choose a complex subspace c C fc such that the composite map c — > 
ic — ^ t is a monomorphism. 



44 



TARAS PANOV 



As in Construction llO.il exp/2(c) C (C^)™ is a holoniorphic subgroup isomor- 
phic to C^. Let He C (C^)™ be the complexification of H (it is a product of an 
algebraic torus of dimension h and a finite group) . It follows from (a) that the sub- 
groups He and exp i7(c) intersect trivially in (C^)™. We therefore define a complex 
{h + ^)-dimensional subgroup 

(10.3) =-ffc X exp 12(c) C (C^)'". 

Theorem 10.6 ((H Th. 3.7]). Let S, /C and L»H,r2 &e as above. Then 

(a) t/ie holoniorphic action of the group Dfj q on U{IC) is free and proper, and 
the quotient U{K,)/DH,n has a structure of a compact complex manifold 
of complex dimension m ^ h — £; 

(b) there is a diffeomorphism between U{IC)/ DH,n cind Zic/H defining a com- 
plex structure on the quotient Zjc/H , in which each element ofT = T"'/7J 
acts by a holomorphic transformation. 

The proof is similar to that of Theorem 1 1 . 31 and is omitted. 

Example 10.7. 

1. If if is trivial {h = 0) then we obtain Theorem 110.31 

2. Let H be the diagonal circle in T™. The condition t) C Ker implies that 
the vectors ai, . . . , Um sum up to zero, which can always be achieved by rescaling 
them (as E is a complete fan). As the result, we obtain a complex structure on the 
quotient Zfc/S^ by the diagonal circle in T"*, provided that m — n is odd. In the 
polytopal case JC = ICp, the quotient Zk./S^ embeds into C™ \ {0}/C^ = CP™"! 
as an intersection of homogeneous quadrics (|8.2|) . and the complex structure on 
Zic/S^ coincides with that of an LVM-manifold, see Section [51 

3. Let h = dimiJ = m — n. Then f) = Kei A. Since [) is the Lie algebra of a 
torus, the (m — n)-dimensional subspace Ker A C is rational. By Gale duality, 
this implies that the fan E is also rational. We have £ = 0, DH,n — He = (^x)™-" 
and U{K,)/Hc = Zjc/H is the toric variety corresponding to E. 

As it is shown by Ishida |36) . any compact complex manifold with a maximal 
effective holomorphic action of a torus is biholomorphic to a quotient Zjc/H of 
the moment-angle manifold, with a complex structure described by Theorem 110.61 
(An effective action of T*^ on an m-dimensional manifold A-I is called maximal if 
there exists a point x G AI whose stabiliser has dimension m — k; the two extreme 
cases are the free action of a torus on itself and the half-dimensional torus action 
on a toric manifold.) The argument of [36] recovering a fan E from a maximal 
holomorphic torus action builds up on the works [37 i and [38], where the result 
was proved in particular cases. The main result of [38j provides a purely complex- 
analytic description of toric manifolds Vs: 

Theorem 10.8 ([38' Theorem 1]). Let AI be a compact connected complex 
manifold of complex dimension n, equipped with an effective action of T" by holo- 
morphic transformations. If the action has fixed points, then there exists a complete 
regular fan E and a T"-equivariant biholomorphism of Vy: with A/I. 

11. Holomorphic principal bundles over toric varieties and Dolbeault 

cohomology 

In the case of rational simplicial normal fans Ep a construction of Meersseman- 
Verjovsky |44) identifies the corresponding projective toric variety Vp as the base 
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of a holomorphic principal Seifert fibration, whose total space is the moment-angle 
manifold Zp equipped with a complex structure of an LVM-manifold, and fibre 
is a compact complex torus of complex dimension i — . (Seifert fibrations 
are generalisations of holomorphic fibre bundles to the case when the base is an 
orbifold.) If Vp is a projective toric manifold, then there is a holomorphic free 
action of a complex ^-dimensional torus on Zp with quotient Vp. 

Using the construction of a complex structure on Z}c described in the previous 
section, in [54] holomorphic (Seifert) fibrations with total space Z}c were defined for 
arbitrary complete rational simplicial fans E. By an application of the Borel spectral 
sequence to the holomorphic fibration Z/c — > Vs, the Dolbeault cohomology of Z/c 
can be described and some Hodge numbers can be calculated explicitly. 

Here we make additional assumption that the set of integral linear combinations 
of the vectors ai,...,am is a full-rank lattice (a discrete subgroup isomorphic 
to Z") in TYr = R". We denote this lattice by Nz or simply N . This assumption 
implies that the complete simplicial fan E defined by the data {/C; ai, . . . , a™} is 
rational. We also continue assuming that m — n is even and setting i = 

Because of our rationality assumption, the algebraic group G is defined by (|6.2|) . 
Furthermore, since we defined N as the lattice generated by ai, . . . , Om, the group 
G is isomorphic to (C^)^^ (i.e. there are no finite factors). We also observe that 
lies in G as an ^-dimensional complex subgroup. This follows from condition (b') 
of Construction 110.11 

The quotient construction (Subsection 16. 4p identifies the toric variety Vs with 
C/(/C) /G, provided that Oi , . . . , a„i are primitive generators of the edges of E. In our 
data {/C; Oi, . . . , a„i}j the vectors ai, . . . , a„i are not necessarily primitive in the 
lattice N generated by them. Nevertheless, the quotient U{JC)/G is still isomorphic 
to Vs, see |2l Proposition II. 3. 1.7]. Indeed, let e iV be the primitive generator 
along ai, so that a[ = riOi for some positive integer r^. Then we have a finite 
branched covering 

C/(/C) ^ C/(/C), (Zl, . . . , Z™) ^ {zi\. . . , z^r): 

which maps the group G" defined by a[, . . . , a'^^ to the group G defined by 
Oi, . . . , am, see ()6.2p . We therefore obtain a covering U{JC)/G' — > U{JC)/G of the 
toric variety T^s — U{JC)/G' = U{JC)/G over itself. Having this in mind, we can 
relate the quotients Vs = U{JC)/G and Z)c = U{JC)/Gq, as follows: 

Proposition 11.1. Assume that the data {/C; ai, . . . , defines a complete 
simplicial rational Jan Y,, and let G and G^ he the groups defined by (j6.2p and (|10.2p . 

(a) The toric variety is identified, as a topological space, with the quotient 
of Zjc by the holomorphic action of the complex compact torus G/G^. 

(b) // the fan E is regular, then Vs is the base of a holomorphic principal 
bundle with total space Z^ and fibre the complex compact torus GjGqi. 

Proof. To prove (a) we just observe that 

= C/(/C)/G = (C/(/C)/G^)/(G/G^) - Zyc/(G/G^), 

where we used Theorem ll0.3l The quotient G /Gxp is a compact complex £-torus by 
Example 110.21 To prove (b) we observe that the holomorphic action of G on U{K.) 
is free by Proposition 16. 7[ and the same is true for the action of G/Gxp on Zjc. A 
holomorphic free action of the torus G /G^ gives rise to a principal bundle. □ 
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Remark. Like in the projective situation of [44j, if the fan E is not regular, 
then the quotient projection Zjc — > Vs of Proposition 111.11 (a) is a holomorphic 
principal Seifert fibration for an appropriate orbifold structure on Vs . 

Let M be a complex n-dimensional manifold. The space J7^(M) of com- 
plex differential forms on M decomposes into a direct sum of the subspaces of 
{p,q)-forms, J7^(M) = ®o<p i3<ji ■'^^ ^(-^^)' ^^'^ there is the Dolbeault differential 
d: nP''J{M) l2P^9+i(A/)."The dimensions hP^i{M) of the Dolbeault cohomol- 
ogy groups i7?''(Af) are known as the Hodge numbers of M. They are important 
invariants of the complex structure of M . 

The Dolbeault cohomology of a compact complex ^-torus is isomorphic to 
an exterior algebra on 2t generators: 

(11.1) Hl^*{T^)^K[i,,...M.r)i,...,Vil 

where £,i,...,£,t G H]^'^{T^) are the classes of basis holomorphic 1-forms, and 
rji, . . . ,r]( G H'q^{T^) are the classes of basis antiholomorphic 1-forms. Li particular, 
the Hodge numbers are given by h^^'^lT^) = (p) (^) . 

The de Rham cohomology of a complete nonsingular toric variety Vs admits 
a Hodge decomposition with only nontrivial components of bidegree {p,p), ^ 
p ^ n [20' §12]. This together with the cohomology calculation due to Danilov- 
Jurkiewicz [20i §10] gives the following description of the Dolbeault cohomology: 

(11.2) H*'*{V^) = C[vi, • ■ • , v^]/{Iic + Js), 

where vi G HI^'^{Vs) are the cohomology classes corresponding to torus-invariant 
divisors (one for each one-dimensional cone of E), the ideal I/c is generated by the 
monomials Vi-^ ' ' ' f'^'" which Ui-^ , • ■ • , Oij. do not span a cone of E (the Stanley- 
Reisner ideal of /C), and J7s is generated by the linear forms ^^"1-^(0 j, tt)wj, u e N* . 
We have h'P'P{VY,) = hp, where (/iq, hi, . . . , h„) is the h-vector of K, [14, §2.1], and 
hP^^iV^) = for p ^ (J. 

Theorem 11.2 ([54]). Assume that the data {/C; ai, . . . , a.,„} define a com- 
plete regular fan E in TVr = R", m — n = 2i, and let Z^^ be the corresponding 
moment-angle manifold with a complex structure defined by Theorem \10.3[ Then 
the Dolbeault cohomology algebra H^* [Zx.) is isomorphic to the cohomology of the 
differential bigraded algebra 

(11.3) [A[a, . . . ,^,771, . . . , r,,] ® i/^*(Fs), d] 

with differential d of bidegree (0, 1) defined on the generators as follows: 

dvi — drjj = 0, d£_j — c{^j), I ^ i ^ m, I ^ j ^ £, 

where c: H^'^{T^) _ff^(Vs,C) = H^'^{Vs) is the first Chern class map of the 
principal T^-bundle Z]q — )■ V^.- 

Proof. We use the notion of a minimal Dolbeault model of a complex mani- 
fold [271 §4.3]. Let [B, ds] be such a model for Vs, i.e. [B, ds] is a minimal commu- 
tative bigraded differential algebra together with a quasi-isomorphism /: B*'* — > 
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j7*'*(Vs) (i.e. / commutes with the differentials ds and d, and induces an isomor- 
phism in cohomology). Consider the differential bigraded algebra 

[A[^i,...,^e,m,---,m]'»B,d], where 

d\B = dB, di^,)=ci^,)eB'-' =Hl^\V^), d{rj,) = 0. 

By [271 Corollary 4.66], it gives a model for the Dolbeault cohomology algebra 
of the total space Zjc of the principal T^-hund\e Z/c —>■ Vs, provided that Vs is 
strictly formal. Recall from \27\ Definition 4.58] that a complex manifold M is 
strictly formal if there exists a differential bigraded algebra [Z, S] together with 
quasi-isomorphisms 

[n*'* , B] ^ [z, s] ^ [n* , duR] 



linking together the de Rham algebra, the Dolbeault algebra and the Dolbeault 
cohomology. 

The toric manifold Vs is formal in the usual (de Rham) sense by |531 Corol- 
lary 7.2]. The Hodge decomposition of |20l §12] implies that Vs satisfies the dd- 
lemma [27', Lemma 4.24]. Therefore Vs is strictly formal by the same argument 
as [27, Theorem 4.59], and pi.4p is a model for its Dolbeault cohomology. 

The usual formality of Vs implies the existence of a quasi-isomorphism 
ipB-B~^ iJ|'*(Vs), which extends to a quasi-isomorphism 

id(» ipB- [A[£_i,...,£_i,i]i,...,T]e] (^B,d] -> [A[^i, . . . ,^e,Vi, ■ ■ ■ ,Ve] ® H*'* {Vj:) , d] 

by |261 Lemma 14.2]. Thus, the differential algebra [A[^i, . . . , , 771, . . . , ?7£] ® 
Hg'*{Vs), d] provides a model for the Dolbeault cohomology of Z/c, as claimed. □ 

Remark. If is projective, then it is Kahler; in this case the model of Theo- 
rem [TTT^l coincides with the model for the Dolbeault cohomology of the total space 
of a holomorphic torus principal bundle over a Kahler manifold [27' Theorem 4.65]. 

The first Chern class map c from Theorem 111.21 can be described explicitly 
in terms of the map W defining the complex structure on Zjc. We recall the map 
Ac: C™ — > Nc, ei H> and the Gale dual (m— n) x to matrix = iljk) whose rows 
form a basis of relations between Oi, . . . , a^. By Construction ll . l| Im!?' C Ker^c- 
Denote by Ann U the annihilator of a linear subspace U C C™, i.e. the subspace of 
linear functions on C™ vanishing on U. 

Lemma 11.3. The first Chern class map 

c: Hl'°{Tl) ^ H'{V^,C) ^ Hl-\V^) 

of the principal T^-bundle Z/c — > Vs is given by the composition 

Annlmif/AnnKerylc — ^ C"7AnnKerylc — ^ C'""'^'/ AnnKer^c 
where i is the inclusion, k is the number of zero vectors among ai, . . . , a™, and 
p is the projection forgetting the coordinates in C™ corresponding to zero vectors. 
Explicitly, the value of c on the generators of Hg'^ (T^) is given by 

c(Ci) = fJ'jlVl H 1- fJ'jniVm, 1 < j < ^, 
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where M = (Mj/c) is an i x m-matrix satisfying the two conditions: 

(a) PM* : — >■ C^^ is a monomorphism; 

(b) Afif = 0. 

Proof. Let A}^: ^ C™, u t-^ ((ai, w), . . . , (a™, u)), be the dual map. We 
have H\Tl;C) = C™/IniA^ = (Ker Ac)* and i?2(^^.c) = C'"-'=/Im A^. The 
first Chern class map c: H^{T^;C) — >■ iJ^(yx;;C) (the transgression) is then given 
by p: C™/ImA^ C™^'''/ Imyl^. In order to separate the holomorphic part of c 
we need to identify the subspace of holomorphic differentials iJg'°(T^) = inside 
the space of all 1-forms H^{Tl; C) ^ C^^ Since 

Tl = G/C^ = (KerexpAc)/(expIm!f), 

holomorphic differentials on correspond to C-linear functions on Ker Ac which 
vanish on Im if". The space of functions on Ker Ac is C™/ Im A^, — C™/ Ann Ker Ac, 
and the functions vanishing on ImW form the subspace Annim!?'/ AnnKer Ac. 
Condition (b) says exactly that the linear functions on C™ corresponding to the 
rows of M vanish on Ini'F. Condition (a) says that the rows of M constitute a basis 
in the complement of Ann Ker Ac in Annim!?'. □ 

It is interesting to compare Theorem 1 1 1 . 21 with the following description of the 
de Rham cohomology of Z/c- 

Theorem 11.4 ([m Theorem 7.36]). Let Z^. and Vs be as in Theorem WTR 
The de Rham cohomology H*{Zic) is isomorphic to the cohomology of the differen- 
tial graded algebra 

[A[ui,...,M„_„] «)i7*(l/s),d], 
with degUj — I, degw^ = 2, and differential d defined on the generators as 
dvi = 0, duj = jjivi H h jjmVm, 1 ^ j < m - n. 

This follows from the more general result |14| Theorem 7.7] describing the 
cohomology of Z^;. For more information about H*{Zic) see |14| and |52[ §4]. 

There are two classical spectral sequences for the Dolbeault cohomology. First, 
the Borel spectral sequence [8] of a holomorphic bundle E ^ B with a compact 
Kahler fibre F, which has E2 = Hq{B) ® Hg{F) and converges to Hg{E). Second, 
the Frdlicher spectral sequence [32, §3.5], whose E'l-term is the Dolbeault cohomol- 
ogy of a complex manifold M and which converges to the de Rham cohomology 
of M. Theorem 111.21 implies a collapse result for these spectral sequences: 

Corollary 11.5. 

(a) The Borel spectral sequence of the holomorphic principal bundle Z/c — >■ V^: 
collapses at the E^-term, i.e. E^ — Eoo', 

(b) the Frdlicher spectral sequence of Z/c collapses at the E2-term. 

Proof. To prove (a) we just observe that the differential algebra (|11.3p is the 
£'2-term of the Borel spectral sequence, and its cohomology is the E'a-term. 

By comparing the Dolbeault and de Rham cohomology algebras of Zjq given by 
Theorems lll.2l and lll.4l we observe that the elements 771, . . . , 77^ S E'J'^ cannot sur- 
vive in the i?oo-term of the Frolicher spectral sequence. The only possible nontrivial 
differential on these elements is di : E^'^ — ^ eI'^. By Theorem 1 11. 41 the cohomology 
algebra of [Ei, di] is exactly the de Rham cohomology of Z/c, proving (b). □ 



GEOMETRIC STRUCTURES ON MOMENT-ANGLE MANIFOLDS 



49 



Theorem 111.41 can also be hiterpreted as a collapse result for the Leray-Serre 
spectral sequence of the principal r™~"-bundle Zk: — ?> Vs- 

In order to proceed with calculation of Hodge numbers, we need the following 
bounds for the dimension of Ker c in Lemma 111.31 



Lemma 11.6. Let k he the number of zero vectors among Oi, . . . , a,„. Then 



k-l^ dime Ker(c: Hf{T^) -> i/g '(Vs)) |. 



In particular, if k ^ 1 then c is monomorphism. 
Proof. Consider the diagram 
Ann Im If/ Ann Ker Ac — C™/ Ann Ker Ac — ^ C""'^/ Ann Ker Ac 



Re 



Rc 



The left vertical arrow is an (R-linear) isomorphism, as it has the form iJg'°(T^) — > 
H^{T^, C) — !> H^{T^, R), and any real-valued function on the lattice F defining the 
torus = C^/F is the real part of the restriction to F of a C- linear function on 0. 

Since the diagram above is commutative, the kernel oi c — po i has real dimen- 
sion at most k, which implies the upper bound on its complex dimension. For the 
lower bound, dimcKerc^ dimi7g'"(r^) - dimi?g'^(V^E) =i~{2e-k) = k^e. □ 

Theorem 11.7. Let he as in Theorem ] IL 21 and let k be the number of zero 
vectors among ai, . . . , a,„. Then the Hodge numbers h^''' — h^''i{Zfc) satisfy 

(a) C'pO ^ ^ ('''p^') forp> 0,- in particular, = Q for p > Q if k ^l; 

(b) h^'^ - Q for q ^ 0; 

(c) h^''^^i£-k){/_;)+h^'"{'+') forq^l; 

(d) ^(3^fl) _ _ ^fc + (£ + l)/,2,0 ^ /j2,l ^ 1)^2,0^ 

Proof. Let A^''^ denote the bidegree (p, q) component of the differential al- 
gebra from Theorem 111.21 ^^nd let Z^"'"? C A^''' denote the subspace of d-cocycles. 
Then d^^^ : A^'" Z^'^ coincides with the map c, and the required bounds for 
h^'^ — Kerd^'° are already established in Lemma [11.61 Since /i^'" = dimKerd^'^, 
and Kerd^''^ is the pih. exterior power of the space Ker(i^'°, statement (a) follows. 

The differential is trivial on A"^'', hence h^''^ = dimA^'', proving (b). 

The space Z^'^ is spanned by the cocycles Vi and ^^77^- with € Kerd^'". Hence 
dim^i'i ^ 2l~ k + h^'°e. Also, dimd(Ai''') ^ £~ h^'°, hence h^^^ = £ - k + 
h^'°{e+l). Similarly, dimZi'« = {2i-k){^':^) +h^'°Q (with basis of v.rjj, ■ ■■rjj^_, 
and ^i?7ji • • -rij^ where e Kerd^^", ji < ■ ■ ■ < jq), and d: A^-^"^ -J> Z^'"^ hits a 
subspace of dimension {£ — h^'^)(^^_^y This proves (c). 

We have A^'^ — V (BW, where U has basis of monomials ^iVj and W has basis 
of monomials ^i^jrjk- Therefore, 

(11.5) h^-^ = diniC/-dimdC/ + dimVK-dimdFF-dimdA2'°. 

Now dimC/ = £{2i - k), ^ dimdU < /i2(/C) (since dU C i7g ^(Fs)), diml^ - 
dimdiy = dimKerdln/ = ih'^'°, and dimdA^-O = Q-h'^'^- By substituting ah this 
into pi.Sp we obtain the inequalities of (d). □ 
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Remark . At most one ghost vertex needs to be added to K, to make dim Zk. — 
m + n even. Since hP''^{Zjc) — when k ^ 1, the manifold Zjc does not have 
holomorphic forms of any degree in this case. 

If Zic is a torus (so that JC is empty), then ni — k = 2i, and h^'^{Zic) = 
h°'^{ZK.) = I. Otherwise Theorem [HII imphes that /ii'°(Zyc) < /i°'H-2k;), and 
therefore the moment-angle manifold Zjc is not Kahler (in the polytopal case this 
was observed in [43. Theorem 3]). 

Example 11.8. Let Zk. x 52"+! be a Hopf manifold of Example [1031 

Our rationality assumption is that ai . . . , an+2 span an n-dimensional lattice N 
in iV]R = R"; in particular, the fan S defined by the proper subsets of ai, . . . , a„+i 
is rational. We assume further that S is regular (this is equivalent to the condition 
ai + • • • + a„_|_i = 0), so that S is a the normal fan of a Delzant n-dimensional 
simplex A". We have V-^, = CP", and (|11.2p describes its cohomology as the quo- 
tient of C[wi, . . . , t'n-i-2] by the two ideals: T generated by ui • • • v^+i and w„4-2, and 
J7 generated by vi — Vn+l^ •.•,«„ — Vn+i- The differential algebra of Theorem 1 11. 21 
is therefore given by [A[^,?7] (g) C[i]/t"'^^, d] , with dt = dr] = and d^ = t for a 
proper choice of t. The nontrivial cohomology classes are represented by the cocy- 
cles 1, 77, ^i" and ^ryt", which gives the following nonzero Hodge numbers of Zk.: 
^0.0 ^ f^OA ^ i^n+i.n ^ ^n+i.n+i ^ ^ Qbscrve that the Dolbeault cohomology and 
Hodge numbers do not depend on a choice of complex structure (the map W) . 

Example 11.9 (Calabi-Eckmann manifold). Let {/C; Oi, . . . , a„4.2} be the data 
defining the normal fan of the product P — x A'' of two Delzant simplices with 
p + q = 1 q ^ n — 1. That is, Oi, . . . , a^, ap+2, • ■ • , cin+i is a basis of 

lattice N and there are two relations ai + ■ ■ ■ + Op+i = and 0^+2 -!-••• + 0,1+2 = 
0. The corresponding toric variety Vy, is CP^ x CP"^ and its cohomology ring is 
isomorphic to <C[x,y]/ {x''''^'^ ,y'^^^). The map 

If: C^C"+^ (l,...,l,aw, ...,aw), 

where the number of units is p + 1 and a G C \ R, satisfies the conditions of 
Construction 1 1 . 11 The resulting complex structure on Zp = S''^p+^ x 5'-^''+^ is that 
of a Calabi-Eckmann manifold. We denote complex manifolds obtained in this way 
by CE{p, q) (the complex structure depends on the choice of 'F, but we do not reflect 
this in the notation). Each manifold CE{p,q) is the total space of a holomorphic 
principal bundle over CP^ x CP'' with fibre the complex 1-torus C/(Z ai). 

Theorem 111.21 and Lemma 111.31 provide the following description of the Dol- 
beault cohomology of CE{p,q): 

Hy*{CE{p, q)) = H [AK, 11] ® <C[x, y]/(xP+i, y«+i), d] , 

where dx = dy — di] — and d^ — x ~ y for an appropriate choice of x, y. We 
therefore obtain 

(11.6) Hl^*{CE{p,q)) ^ k[Lo,r,]®(C[xy{x^+^), 

where w G H^^^''^ (CE{p,q)) is the cohomology class of the cocycle -^3^- — . 
This calculation is originally due to [8l §9]. We note that Dolbeault cohomology 
of a Calabi-Eckmann manifold depends only on p, q and does not depend on the 
complex parameter a (or the map W). 

Example 11.10. Now let P = A^ x A^ x A^ x A^. Then the moment-angle 
manifold Zp has two structures of a product of Calabi-Eckmann manifolds, namely, 
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CE(1,1) X CE(2,2) and CE(1,2) x CE(1,2). Using isomorphism (fTTel) we observe 
that these two complex manifolds have different Hodge numbers: h^-^ — 1 in the first 
case, and h^'^ = in the second. This shows that the choice of the map affects not 
only the complex structure of Z/c, but also its Hodge numbers, unlike the previous 
examples of complex tori, Hopf and Calabi-Eckmann manifolds. Certainly it is not 
highly surprising from the complex-analytic point of view. 

12. Hamiltonian-minimal Lagrangian submanifolds 

In this last section we apply the accumulated knowledge on topology of moment- 
angle manifolds in a somewhat different area, Lagrangian geometry. Systems of real 
quadrics, which we used in Sections [3] and |4] to define moment-angle manifolds, also 
give rise to a new large family of Hamiltonian-minimal Lagrangian submanifolds in 
a complex space or more general toric varieties. 

Hamiltonian minimality (i/-minimality for short) for Lagrangian submanifolds 
is a symplectic analogue of minimality in Riemannian geometry. A Lagrangian im- 
mersion is called 7J-minimal if the variations of its volume along all Hamiltonian 
vector fields are zero. This notion was introduced in the work of Y.-G. Oh [Si] 
in connection with the celebrated Arnold conjecture on the number of fixed points 
of a Hamiltonian symplectomorphism. The simplest example of an _ff-minimal La- 
grangian submanifold is the coordinate torus |51j S^^ x • • • x S^^ C C™, where S^^ 
denotes the circle of radius > in the fcth coordinate subspace of C™ . More ex- 
amples of iJ-minimal Lagrangian submanifolds in a complex space were constructed 
in the works |il7j . [34j, pLj, among others. 

In |46| Mironov suggested a general construction of _ff-minimal Lagrangian 
immersions N S-> C™ from intersections of real quadrics. These systems of quadrics 
are the same as those we used to define moment-angle manifolds, and therefore 
one can apply toric methods for analysing the topological structure of N. In |47) 
an effective criterion was obtained for TV S-^ to be an embedding: the polytope 
corresponding to the intersection of quadrics must be Delzant. As a consequence, 
any Delzant polytope gives rise to an i7- minimal Lagrangian submanifold N C C™. 
Like in the case of moment-angle manifolds, the topology of N is quite complicated 
even for low-dimensional polytopes: for example, a Delzant 5-gon gives rise to N 
which is the total space of a bundle over a 3-torus with fibre a surface of genus 5. 
Furthermore, by combining Mironov's construction with symplectic reduction, a 
new family of _ff-minimal Lagrangian submanifolds in of toric varieties was defined 
in |48) . This family includes many previously constructed explicit examples in C™ 
and CP"-^ 

12.1. Preliminaries. Let (Af, w) be a symplectic manifold of dimension 2n. 
An immersion i : iV S-» Af of an n-dimensional manifold N is called Lagrangian if 
i*{Lo) = 0. If i is an embedding, then i{N) is a Lagrangian submanifold of M. A 
vector field X on M is Hamiltonian if the 1-form • ) is exact. 

Now assume that M is Kahler, so that it has compatible Riemannian metric 
and symplectic structure. A Lagrangian immersion i: N M is called Hamiltonian 
minimal (H -minimal) if the variations of the volume of i{N) along all Hamiltonian 
vector fields with compact support are zero, that is. 
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where it{N) is a deformation of i{N) along a Hamiltonian vector field, iQ{N) — 
i{N), and vol{it{N)) is the volume of the deformed part of it{N). An immersion i 
is minimal if the variations of the volume of i{N) along all vector fields are zero. 

Our basic example is M = C™ with the Hermitian metric 2^^^^ dzk (S) dzk- 
Its imaginary part is the symplectic form of Example 15.11 At the end we consider 
a more general case when M is a toric manifold. 

12.2. The construction. We consider an intersection of quadrics similar 
to (|3.4II . but in the real space: 

m 

(12.1) 7^= |u = (mi,...,^™) eR": ^7jfeWfc for 1 ^ j 7n - n|. 

k=l 

We assume the nondegeneracy and rationality conditions on the coefficient 
vectors 7^ = (7^, . . . ,7m--„,j)* € R™"", i = 1, . . . ,m: 

(a) 5 £ K^(7i, . . .,7m); 

(b) if (5 e (7ii , . . . 7i J, then k ^ m - n; 

(c) the vectors 71, ... , 7^ generate a lattice L = Z™^" in M™^". 

These conditions guarantee that 7?. is a smooth n-dimensional submanifold in 
R™ (by the argument of Proposition 13. 4p and that 

Tr = { (e^^*^^^''^\ . . . , e^'^*^''''"''^^)e T™} 

is an (m — n)-dimensional torus subgroup in T™. We identify the torus Tp with 
R'"^"/i* and represent its elements by cp G R™^". We also define 

Dr = \l*IL* = (Z2)"-". 

Note that Dr embeds canonically as a subgroup in Tp. 

Now we view the intersection 7?. as a subset in the intersection Z or Hermitian 
quadrics (or as a subset in the whole complex space C™), and 'spread' it by the 
action of Tp, that is, consider the set of Tr-orbits through TZ. More precisely, we 
consider the map 

j: 7^ X Tr — ^ C", 

and observe that j{TZ x Tp) C Z. We let Dp act on TZp x Tp diagonally; this action 
is free, since it is free on the second factor. The quotient 

N = nxp,rTp 

is an m-dimensional manifold. 

For any u — (ui, . . . , w,„) e TZ, we have the sublattice 

Lu = '^{ik ■■ Uk ^ 0) C L = Z(7i, . . .,7m). 

The set of Tp-orbits through TZ is an immersion of N: 

Lemma 12.1. 

(a) The map j : TZ x Tp — > C™ induces an immersion i: N C™ . 

(b) The immersion i is an embedding if and only if L„ = L for any u £ TZ. 
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Proof. Take u e TZ, ip e Tp and g £ Dp- We have ug e TZ, a,nd j (u ■ g , gif) — 
u ■ g^ip — u ■ if — i{u, If). Hence the map j is constant on I?r-orbits, and therefore 
induces a map of the quotient N — (TZ x Tr)/Dr, which we denote by i. 

Assume that j{u, ip) = j{u' , ip'). Then L„ = L^' and 

(12.2) Mfee^'''^^'"'^^ = <e2"*<'"'^'^'> for fc = 1, . . . , m. 

Since both Uk and u'f. are real, this implies that e'^'^"^^'""'^^'^ — ±1 whenever u^. ^ 0, 
or, equivalently, 'p — ip' G ^L*^/L* . In other words, p2.2p implies that u' = u-g and 
p' = gp for some g £ ^L*^/L* . The latter is a finite group by Lemma [5.41 hence 
the preimage of any point of C™ under j consists of a finite number of points. If 
Lu = L. then ^L*^/L* ~ ^L*/L* ~ Dp; hence {u,(p) and {u',ip') represent the 
same point in N. Statement (b) follows; to prove (a), it remains to observe that we 
have Lu = L for generic u (with all coordinates nonzero). □ 

Theorem 12.2 ([46l Th. 1]). The immersion i: N ^ C™ is H -minimal La- 
grangian. Moreover, «/X]fcLi7fe = 0; then i is a minimal Lagrangian immersion. 

Proof. We only prove that i is a Lagrangian immersion here. Let 

{x, ip) ^ z(x, p) = (ui(a;)e2-<^-^\ . . . , u™(a;)e2"<^'"^^>) 

be a local coordinate system on N ~TZ x^^ Tr, where x — {xi, . . . , x„) e R" and 
f = (<pi, . . . ,<y5m-„) e M™"". Let (C,»7)c = = (C'^) +'i^{£.^v) be the 

Hermitian scalar product of ^, ry e C™. Then 

/ dz dz \ ( dui du^\ 

where the second identity follows by differentiating the quadrics equations (|12.ip . 
Also, e R and e R. It follows that 

/ dz dz \ / dz dz \ / dz dz \ ^ 
V dxk ' dpjj J V dxk ' dxj J V d(pk ' dp>j J ' 
i.e. the restriction of the symplectic form to the tangent space of N is zero. □ 

Remark. The identity X^fcLi 7fc = can not hold for a compact TZ (or N). 

We recall from Theorem [331 that a nondegenerate intersection of quadrics p.4p 
or p2.ip defines a simple polyhedron (|2.1I) . and Z is identified with the moment- 
angle manifold Zp . Now we can summarise the results of the previous sections in 
the following criterion for i : N C™ to be an embedding: 

Theorem 12.3. Let Z and TZ be the intersections of Hermitian and real 
quadrics defined by p.4p and ()12.ip respectively, and satisfying conditions (a)~ 
(c) above. Let P be the corresponding simple polyhedron, and N = TZ x p)j^ Tp. The 
following conditions are equivalent: 

(a) i: N ^ C™ is an embedding of an H -minimal Lagrangian submanifold; 

(b) Lu = L for every u g TZ; 

(c) Tp acts freely on the moment-angle manifold Z = Zp. 

(d) P is a Delzant polyhedron. 

Proof. Equivalence (a) <^ (b) follows from Lemma 112.11 and Theorem 112.21 
Equivalence (b) (c) is Lemma [531 Equivalence (c) <J4> (d) is Theorem [531 (c). □ 
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Toric topology provides large families of explicitly constructed Delzant poly- 
topes. Basic examples include simplices and cubes in all dimensions. It is easy to 
see that the Delzant condition is preserved under several operations on polytopes, 
such as taking products or cutting vertices or faces by well-chosen hyperplanes. 
This is sufficient to show that many important families of polytopes, such as asso- 
ciahedra (Stasheff polytopes), permutahedra, and general nestohedra, admit Delzant 
realisations (see, for example, [55j and [12j). 

12.3. Topology of Lagrangian submanifolds N. We start by reviewing 
three simple properties linking the topological structure of N to that of the inter- 
sections of quadrics Z and TZ. 

Proposition 12.4. 

(a) The immersion of N in C™ factors as N Z ^ C™; 

(b) N is the total space of a bundle over the torus T™^" with fibre TZ; 

(c) if N ^ C™ is an embedding, then N is the total space of a principal 
T^"^^^ -bundle over the n-dimensional manifold IZjDr- 

Proof. Statement (a) is clear. Since Dp acts freely on Tp, the projection 
N — TZ X Tp Tp/Dp onto the second factor is a fibre bundle with fibre TZ. 
Then (b) follows from the fact that Tp/Dp ^ T""". 

li N —i' C" is an embedding, then Tp acts freely on Z by Theorem 1 1 2 . 31 and the 
action of Dp on TZ is also free. Therefore, the projection N ^ TZ xpi^ Tp TZ/Dp 
onto the first factor is a principal Tr-bundle, which proves (c). □ 

Remark. The quotient TZ/Dp is a real toric variety, or a small cover, over the 
corresponding polytope P, see [21J and [14j . 

Example 12.5 (one quadric). Suppose that TZ is given by a single equation 

(12.3) liul + ---+-i,nul^ = 5 

in R™, where 7^ e R. If 7?. is compact, then TZ = 5'"^^, and the associated polytope 
P is an n-simplex Z\". In this case, N = Xz^ S"^ , where the generator of Z2 

acts by the standard free involution on and by a certain involution r on S"^~^. 
The topological type of N depends on r. Namely, 

S*™^^ X 5^ if T preserves the orientation of 
/C™ if T reverses the orientation of 5™^^, 

where /C" is the m-dimensional Klein bottle. 



N = 



Proposition 12.6. In the case m ~ n — 1 (one quadric) we obtain an H- 
minimal Lagrangian embedding of N ^ S*™^^ x^^ in C™ if and only if = 
■ ■ ■ — -ynj in (|12.3p . In this case, the topological type of N = N{m) depends only on 
the parity of m and is given by 

7V(m) = S*™"! X S'l if mis even, 

N{m) = /C™ if m is odd. 

Proof. Since there is u ^ TZ with only one nonzero coordinate. Theorem 1 12. 31 
implies that N embeds in C™ if only if 7^ generates the same lattice as the whole 
set 71, . . . ,7m for each i. Therefore, 71 ~ ■ ■ ■ = 7™. In this case Dp = 'L2 acts 
by the standard antipodal involution on S™^^, which preserves orientation if m is 
even and reverses orientation otherwise. □ 
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Both examples of _ff-minimal Lagrangian embeddings given by Propositioii ll2.6l 
are well known. The Klein bottle /C™ with even m does not admit Lagrangian 
embeddings in C™ (see [50j and [56 ). 

Example 12.7 (two quadrics). In the case m — n = 2, the topology of TZ 
and N can be described completely by analysing the action of the two commuting 
involutions on the intersection of quadrics. We consider the compact case here. 

Using Proposition 12.81 we write TZ in the form 

7iiu? + ---+7imw?„ = c, 

(12-4) 2 2 n 

721^1 H \-j2rnU,n = 0; 

where c > and > for all i. 

Proposition 12.8. There is a number p, < p < m, such that 72^ > for 
i = I, . . . ,p and ^2% < for i = p + 1, . . . ,m in (jl2.4p . possibly after a reordering 
of the coordinates ui, . . . , Um- The corresponding manifold TZ — TZ(j), q), where q — 
m~p, is diffeomorphic to S^~^ x S"'"^. Its associated polytope P either coincides 
with A™~^ (if one of the inequalities in (12. ip is redundant) or is combinatorially 
equivalent to the product x A'~^ (if there are no redundant inequalities) . 

Proof. We observe that 72^ 7^ for all i in p2.4p . as 72^ — implies that 
5 ~ {c 0)* is in the cone generated by one vector 7^, which contradicts Proposi- 
tion [33] (b). By reordering the coordinates, we can achieve that the first p of 72; 
are positive and the rest are negative. Then 1 < p < m, because otherwise ()12.4p 
is empty. Now, (|12.4p is the intersection of the cone over the product of two ellip- 
soids of dimensions p — 1 and q — 1 (given by the second quadric) with an (to — 1)- 
dimensional ellipsoid (given by the first quadric). Therefore, TZ{p^ q) = SP~^ x S^^^. 
The statement about the polytope follows from the combinatorial fact that a simple 
n-polytope with up to n + 2 facets is combinatorially equivalent to a product of 
simplices; the case of one redundant inequality corresponds to p — 1 ot q — 1. □ 

An element ip £ Dp — \L* / L* = Z2 x Z2 acts on TZ(p, q) by 

where £k{ip) = e^'^'^^'-'^^ = ±1 for 1 fc < to. 

Lemma 12.9. Suppose that Dp acts on TZ{p, q) freely and £i{'p) = 1 for some i, 
I ^ i ^ p, and ip G Dp- Then £i{ip) = — 1 for all I with p + 1 ^ / ^ m. 

Proof. Assume the opposite, that is, that ei{ip) — 1 for some 1 ^ i ^ p and 
Sj{ip) = 1 for some p + 1 < j < m. Then 72^ > and 72^ < in (|12.4p . so we 
can choose u € TZ{p, q) whose only nonzero coordinates are Ui and Uj. The element 
ip G Dp fixes this u, leading to a contradiction. □ 

Lemma 12.10. Suppose that Dp acts on TZ{p,q) freely. Then there exist two 
generating involutions ipi,ip2 G Dp = Z2 x Z2 whose action on TZ{p,q) is described 
by either (a) or (b) below, possibly after a reordering of coordinates: 

(a) 
(b) 

here ^ k ^ p and ^ I ^ q 



pi: 


(ui,. 


•,"m) ^ {Ul,-. 


, Ufe, — Ufc+i, . . . 


Up, Up-^l, . . . , 


Um): 


'P2 ■ 


(ui, . 


■,Um) (-Ml,. 


■ • , —Uk, Uk+1, ■ ■ 


• 7 Up, Up^l, . . . , — 


Um) ! 


ipi: 


(ui,. 


•,Um) (-Wl,- 


■ ■ : Up, Up-l-1, . . 


■ : Up+l, — Up+i + l, . . 


• ; Um) : 


•^2 ■ 


(ui, . 




■ • 1 ^pi ^p-t-1 ; 


. . . , —Up+l, Up^l^i, 


. . . , Um ) ; 
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Proof. By Lemma [12. 9| for each of the three nonzero elements ip £ Dp, we 
have either ei{ip) = — 1 for I ^ i ^ p or ei{ip) = — 1 for p + 1 ^ z ^ m. Therefore, we 
can choose two different nonzero elements ipi,(p2 G Dp such that either Si{(pj) = — 1 
for j = 1,2 and p + 1 ^ i ^ m, or £i{fj) — —1 for j = 1,2 and 1 ^ i ^ p. This 
corresponds to the cases (a) and (b) above, respectively. In the former case, after 
reordering the coordinates, we may assume that Lpi acts as in (a). Then if 2 also 
acts as in (a), since otherwise the sum ipi ■ ip2 cannot act freely by Lemma 112.91 
The second case is treated similarly. □ 

Each of the actions of Dp described in Lemma 112.101 can be realised by a 
particular intersection of quadrics (|12.4p . For example, 

5^ 2u? + . . . + 2ul + M^+i + • • • + + M^^i + --- + ul^^Z, 
"1 H ^ Wfe + 2wfe+i + h 2u^ - u^+i = 

gives the first action of Lemma 112.10) the second action is realised similarly. Note 
that the lattice L corresponding to (|12.5p is a sublattice of index 3 in 1? . We can 
rewrite (|12.5p as 

u\ + --- + ul + ^il+i + ---+ul =1, 
(12.6) 2 9 22 

H Vul "I 1- = 2, 

in which case L = 1? . The action of the two involutions ipi,ip2 G Dp = ^Z^/Z^ 
corresponding to the standard basis vectors of ^7? is given by 

^1- (Ul, ■ . ■ :U,n) ^ {-Ui, . . . ,-Uk:-Uk+l, ■ . ■ ,-Up,Up+i, . . . ,Um), 

(12.7) 

1p2 ■ {Ui, . . . , U,n) l-> (--"I, . . . , -Uk, Ufc+i, . . . ,Up, -Wp+i, . . . , -U,„). 

We denote the manifold N corresponding to (|12.6p by Nk{p,q). We have 

(12.8) Nk{p,q) = {SP-^ X 5«-i) xz,xz, {S^ X S^), 

and the action of the two involutions on S^^^ x S"^^^ is given by (|12.7p . Note that 
■01 acts trivially on S"^^^ and acts antipodally on 5"^^^. Therefore, 

Nkip,q)-N{p)x^, {S'^-'xS'), 

where N{p) is the manifold from Proposition [1221 If fc = then the second involu- 
tion ■02 acts trivially on N{p), and No{p, q) coincides with the product N{p) x N{q) 
of the two manifolds from Example 112.51 In general, the projection 

Nk{p,q)^ S'^-^ X^, S^=N{q) 

describes Nk{p,q) as the total space of a fibration over N{q) with fibre N{p). 

We summarise the above facts and observations in the following topological 
classification result for compact i/-minimal Lagrangian submanifolds N C C™ 
obtained from intersections of two quadrics. 

Theorem 12.11. Let N — C™ is the embedding of the H-minimal Lagrangian 
submanifold corresponding to a compact intersection of two quadrics. Then N is 
diffeomorphic to some Nk{p,q) given by (|12.8p . where p + q = m, < p < m and 
^ k ^ p. Moreover, any such triple {k,p, q) can be realised by N . 

In the case of up to two quadrics considered above, the topology of TZ is rela- 
tively simple, and in order to analyse the topology of iV, one only needs to describe 
the action of involutions on TZ. When the number of quadrics is more than two, the 
topology of TZ becomes an issue as well. 
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Example 12.12 (three quadrics). In the case m — n = 3, the topology of 
compact manifolds TZ and Z was fully described in |40l Theorem 2]. Each of these 
manifolds is diffeomorphic to a product of three spheres or to a connected sum of 
products of spheres with two spheres in each product. 

Note that, for m — n ~ 3, the manifolds TZ (or Z) can be distinguished topolog- 
ically by looking at the planar Gale diagrams of the associated simple polytopes P 
(see Section [2]) . This chimes with the classification of n-dimensional simple poly- 
topes with 71 4- 3 facets, well-known in combinatorial geometry. 

The smallest polytope with 771 — rt = 3 is a pentagon. It has many Delzant 
realisations, for instance, 

P = {{xi,X2) e M^: ^ 0, 2:2 > 0, -xi + 2 ^ 0, -X2 + 2 ^ 0, -xi-X2 + 'i > O}. 

In this case, TZ is an oriented surface of genus 5 (see |14|, Example 6.40]), and 
the moment-angle manifold Z is diffeomorphic to a connected sum of 5 copies of 
X S\ 

We therefore obtain an _ff-minimal Lagrangian submanifold N d C^, which is 
the total space of a bundle over with fibre a surface of genus 5. 

Now assume that the polytope P associated with intersection of quadrics ()12.1|) 
is a polygon (i.e., n = 2). If there are no redundant inequalities then P is an rri-gon 
and TZ is an orientable surface Sg of genus g = 1-1-2'"""^ (tti— 4) by \14\ Example 6.40]. 
If there are k redundant inequalities, then P is an {m — k)-gon. In this case TZ = 
TZ' X (S"")*^, where TZ' corresponds to an (777 — A:)-gon without redundant inequalities. 
That is, 7?. is a disjoint union of 2*^ surfaces of genus 1 + 2"^^^^^ {m — k — A). 

The corresponding i/-minimal Lagrangian submanifold N C C™ is the total 
space of a bundle over T"^^'^ with fibre Sg. This is an aspherical manifold for rra ^ 4. 

12.4. Generalisation to toric manifolds. Consider two sets of quadrics: 

such that Zp, Za and Zp'^Za satisfy the nondegeneracy and rationality conditions 
(a)-(c) from Subsection 112.21 Assume also that the polyhedra associated with Z^^ 
Za and Zr Z^ are Delzant. 

The idea is to use the first set of quadrics to produce a toric manifold V via 
symplectic reduction (as described in Section [S]), and then use the second set of 
quadrics to define an 77- minimal Lagrangian submanifold in V . 

Construction 12.13. Define the real intersections of quadrics TZr, TZa, the 
tori Tr = T'"-", Ta = and the groups Dp = Z™"", Da = 1^'^ as before. 

We consider the toric variety V obtained as the symplectic quotient of C™ by 
the torus corresponding to the first set of quadrics: V = Zr/Tr- It is a Kahler 
manifold of real dimension 277. The quotient TZr/Dp is the set of real points of V 
(the fixed point set of the complex conjugation, or the real toric manifold); it has 
dimension n. Consider the subset oiTZr/ Dp defined by the second set of quadrics: 

S= {TZrr\TZA)/Dr, 

we have dim 5 = 77 + £ — 777. Finally define the 77-dimensional submanifold of V: 

N = Sxd^ Ta. 
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Theorem 12.14. N is an H -minimal Lagrangian submanifold in V. 

Proof. Let V be the symplectic quotient of V by the torus corresponding to 
the second set of quadrics, that is, V ^ {V n Za)/Ta = (Zr n Z^i)/ (Tr x T^). It 
is a toric manifold of real dimension 2{n + £ — m). The submanifold of real points 

N = N/Ta = (Ur n nA)/{Dr x Da) ^ {Zr n ZA)/{Tr x Ta) = V 

is the fixed point set of the complex conjugation, hence it is a totally geodesic 
submanifold. In particular, iV is a minimal submanifold in V. According to | i24l 
Corollary 2.7], N is an iJ-minimal submanifold in V. □ 

Example 12.15. 

1. If m — ^ = 0, i.e. Za = 0, then V = and we get the original construction 
of i7-minimal Lagrangian submanifolds N in C™. 

2. If m — n = 0, i.e. Zr = 0, then N is set of real points of V. It is minimal 
(totally geodesic). 

3. lfm — £ = 1, i.e. Z^ = 5^™"^, then we get 7J-minimal Lagrangian submani- 
folds iiiV — CP™^^. This includes the families of projective examples of | 
and 
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